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A Configuration of Thirteen Pencils of Cubics 
and Cubics with Three Real Inflexions. 
By B. M. 


In an earlier paper (P,)* the writer discussed the system of plane cubics 
with a given quadrangle of inflexions. The nine points of inf'exion of any 
one cubic offer a number of ways of choosing four points which form a 
quadrangle, but among these quadrangles some have vertices in common. It 
follows that all the cubics with a given quadrangle of inflexions in common 
with one inflexional set form a configuration with notable geometric prop- 
erties. The first part of this paper gives the results of a study of the real 
cubics contained in this configuration. The second part is devoted to a 
discussion of cubics with three real inflexions given. 


I. Thirteen Pencils of Cubics. 


From among the nine points of inflexion of a real non-singular cubic 
there are three ways of selecting four points, two real and one pair imaginary, 
no three collinear; and three ways of selecting two imaginary pairs. In this 


paper quadrangles with two real vertices are considered first because they lead 
to a geometrical construction complete in itself, while the corresponding con- 
struction from two pairs of imaginary points serves only as a supplement to 
the former in a more extensive complete figure. For convenience in the 
investigation, the canonical inflexional set of Hesse is taken as the oirgin. 


§1. Quadrangles of Inflexions: Two Real and One Pair Imaginary. 


As shown in P,f, every set of four points, two real and one pair imagin- 
ary, no three collinear, belong to two, and only two, completely determined 
inflexional sets for real cubics. Hence, the three such sets of four points 
selected from 

(0, 1, —1), (0, 1, —w), (—, 3, —w’), 


(A) (— 0, 1), (— 1, 0, (—o, 0, 
(1, 0), (1, 0), (1, —1, 0), 


* American Journal of Mathematics, Vol. XLIV, No. 4, Oct. 1922. Throughout 
this article the earlier paper is referred to as Pu. 
7 Ps, pages 266, 275. 
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determine uniquely the three following inflexional sets: 


(1) (—1, »—1, 1), (—1, 0, 1), (—1, o?—1, 1), 

(1, —o, 0), (1, —o’, 0), (1, —1, 0); 

(2) (—o’, 0, 1), (—1, 0, i), (—o, 0, 1), 


(0, 1, —1), —wo), (0, 1, —o?), 
(3) (1, «7 —1, —1), 6,22, (1, »—1, —1), 
(1, —1, o?—1), (1, —1, »—1), (1, —1, 0). 
Each of the three derived sets has, in addition to the four selected points, 
the third real point in common with (A). Hence the following theorem: 


(1) There are three, and only three real pencils of cubics with tiree 
real and a pair of imaginary points of inflexion in common with a given 


real pencil. 

These four inflexional sets contain only twenty-one distinct points :— 
namely, the nine of (A) and twelve others related to the nine by equian- 
harmonic properties. The four pencils of cubics have only seven real in- 
flexional axes, the four of the pencil corresponding to the set (A), 


y=0, t+y+2=—0, 


forming a quadrilateral and the sides of the accompanying diagonal triangle, 


y+z2=0, z+r7=0, t+y=0. 


The twenty-one points are the intersections of the seven real axes by the 
imaginary lines 

ot 

z+oy+z=—0, t+ +2=—0; 

r+y+oz—0, 
Thus: 


(2) The twenty-one points of inflexion of a given real syzygetic pencil 
of cubics and the three real pencils having in common with it three real and 
a pair of imaginary inflexions, all lie on seven real lines which form a quadri- 
lateral and its diagonal triangle, and are determined by the three pairs of 
imaginary inflexional axes of the given pencil which pass through the three 


real inflexions. 


2 


and Cubics with Three Real Inflexions. 


§2. Quadrangle of Inflexions: Two Imaginary Pairs. 


(A) 


(0, 1, —1), 


(— w”, 0, 1), 


€2; 0), 


(0, 1, —w), 
(—1, 0, 1), 


(1, — 0), 


the nine derived sets are the following: 


(1) 


(2) 


(3) 


(4) 


(6) 


(7) 


(8) 


(0, 1, —1), 


(—o?, 0, 1), 


—— 0), 


(1, 1, 1), 
(—o, 0, 1), 
(1, —— @, 0), 


(4,. 3,1), 
(—o, 0, a}, 
(1, 0), 


(0, 2, 1), 
(—ao, 1—a, 


(1, 0), 


(0, 2, 1), 
(o, 1, 1), 
(1, 0), 


(0, 1, —1), 
(1, 1, wo), 
(1, — w’, 0), 


(0, 1, 2), 
(— ?, 0, 1), 


1), 


(1, —wo?, 1—»o?), 


(0, 1, —1), 
(— 0, 1), 
(1, 1), 


* Pi, page 264. 


(1—o?, 1, —o?), 


(2, 0, 1), 
(1, — ow’, 0), 


(1, 3, w”), 
(—1, 0, 1), 
(1, — w’, 0), 


(1, 1), 
(2, 0, 1), 
(1, — o’, 0), 


(0, 1, —w), 
(— 1, 0, 1), 
(1, —w’, 0), 


(0, 1, —w), 
(1, 1, 1), 
(1, 0), 


(0, 1, 
(2, 1, 1), 
(1, 0), 


(0, 1, —w), 
(1, 0, 2), 


(1, 1—wo), 


(0, 1, —w’), 
(1, 0, 2), 
(1, 4), 


(0, 1, 
(—o, 0, 1), 
(1, —1, 0), 


(—o, 0, 1), 
(2, 1, 0); 


(1, 1, 
(2, 1, 0); 
(1, , 1), 
(— 0’, 0, 1), 
(1, — 1, 0); 


(0, 1, —w’), 


Two pairs of imaginary points which form a quadrangle belong to four 
completely determined inflexional sets for real cubics.* 
quadrangles are selected from 


When the three such 


— 


(1, 2, 0); 


(0, 1, —w*), 
(w?, 1, 1), 
(1, — I, 0); 


(0, 1, —w’), 
(1, 1, 
(1, 2, 0); 


(0, 1, —vw’), 
(—o, 0, 1), 
(1, —l, 0); 


(0, 1, —w), 
(—o, 0, 1), 
(1, 1, 1); 
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(0, 1, 2), (0, 1, —w?’), (0, 1, —w), 
(9) (— 0, 4), (—1, 0, 1}; (—o, 0, 
is (w, i, (i, as 1). 


Each of these derived sets has, in addition to the two selected pairs of imagip. 
ary points, one real point in common with the set (A). Hence: 


(3) There are nine, and only nine, real pencils of cubics with one real 
and two pairs of imaginary points of inflexion in common with a given real 
pencil. 


These ten sets contain only twenty-eight distinct points :—namely the 
nine of the set (A) and nineteen others related to the nine by equianharmonie 
properties. The ten pencils of cubics have sixteen real inflexional axes: the 
four corresponding to the original set (A), 


y=0, t+y+2=—0; 
and twelve others, 
y—z=0, —zr+z=0, 
—rt+y+z=0, z—y+z=—0, r+y—z=0, 


—%r +y+2=—0, r— 2y +2=—0, r+y—2rz=—), 
2y + 2z2—0, 24 — y + 2z2—0, 2u + 2y—z=0. 


These points and lines together with the points and lines found when 
the two real and a pair of imaginary points were selected, form a complete 
projective figure considered in the following section. 


§3. The C,; Configuration. 


The combination of theorems one and three in the two preceding sections 


gives the following: 


(4) There are twelve, and only twelve, real pencils of cubics with five 
points of inflexion in common with a given real pencil. 


The inflexional sets for these cubics contain in all only forty distinct 
points, the nine of the original set, the twelve others in the sets having three 
real and one imaginary pair in common with the original, and the nineteen 
others in the sets having in common with the original one real and two 
imaginary pairs. These forty points, ten real and fifteen imaginary pairs, 
have a notable arrangement on lines. 
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and Cubics with Three Real Inflexions. 153 


The thirteen pencils of cubics (the original pencil and the twelve having 
five points of inflexion in common with it) have nineteen real inflexional 
axes: the four of the original pencil and the set of three and set of twelve 
added by the twelve pencils. The nineteen, as determined in the two pre- 
ceding sections, are arranged in four sets of three pairs in elliptic involution: 


—namely 
[ t= 0, 
+ 
[ y=0, 22 —y + 22=0; 
+2—=0; 
| 
(0, 2u + 2y—z@=—0; 
| t+y+2=0; 
( y—2=0, 
(4) 4 z—x=0, 


with the four pairs of imaginary axes of the original pencil, 


ot +y+2z2=—0, wr +y+z2=—0; 
r+oy+z=—0, 
x + wy + = 0, r+ + oz = 0; 


respectively as double lines. These pencils in involution have for vertices 
the three real points of the original inflexional set (0, 1, —1), (—1, 0, 1), 
(1, —1, 0); and the point (1, 1, 1) called in the further discussion the 
“harmonic point,” because it is common to the three real harmonic polars 
for the original pencil of cubics and is also related to the real inflexional 
triangle as harmonic point with respect to the line of reals. 

Thus as regards the configuration of thirteen pencils of cubics, here 
denoted by C,3, the following theorem may be stated: 


(5) The nineteen real inflexional axes of C,; are the four of the original 
pencil and fifteen associates uniquely determined by harmonic properties, 
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which form four pencils in elliptic involution, with the three real points of 
inflexion and harmonic point of the original pencil as vertices and the four 
pairs of imaginary inflexional axes of the original pencil as double lines 


(Fig. 1). 


The forty points all lie on thirteen of the real inflexional axes, namely 
the four of the original pencil, 


y=0, z=0, t+y¥+2=—0, 

forming a quadrilateral, the sides of the accompanying diagonal triangle, 
yt+2=0, t+y=—0; 

and the six lines 


y—z=0, z—z=—0, r—y=0, 
t—y+2=—0, 


nts of 
four 
lines 
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completing a harmonic pencil at each of the six vertices of the quadrilateral. 
(Fig. 2). Thus the forty points of inflexion of C.;, ten real and fifteen 


2. 


imaginary pairs, lie on thirteen real lines which form a complete projective 
figure.* 

The pairs of lines in elliptic involution through the harmonic point 
(1, 1, 1) are the real harmonic polars, 

y—z=0, z—xr=0, 
for the original pencil, together with the lines 
—Re+tytez=0, c—2y+2=—0, 

which join the harmonic point to the three real points of inflexion. Thus 
when three collinear real points and an arbitrary fourth real point are taken 


*The figure consists of the special Desargues’ configuration 10s, known as the 
quadrangle-quadrilateral configuration, and the diagonal triangle common to the asso- 
ciated 4-point and 4-line. The further relation of the Cis to this configuration of 


‘points and lines are discussed in a paper published in the Annals of Mathematics, 


Second Series, Vol. 26, Nos. 1 and 2, Sept.-Dec., 1924. 
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respectively as the three real inflexions and harmonic point for a cubic, the 
three real harmonic polars have the following unique construction. 


Draw the three lines joining the harmonic point to the three points 
of inflexion and construct the lines harmonic to each of the three with 
respect to the other two. 


Because of this relation, the three lines joining the harmonic point to the 
three real inflexions may be called the “harmonic polar associates ”; and for 
the cubics under consideration the intersections of these lines with 


z=0, y=0, z=0, 


(0, 1,—1), (—1,0,1), (1, —1, 0), 
<2} (1, 2, 0), 
(0, 2, 1), (1, 0, 2); (2, 1, 0), 
which together with (1, 1, 1) are the ten real points of the determined set 
of forty. That is: 

(6) With respect to a given pencil of cubics, the three real points of 
inflexion, the harmonic point, and the six other intersections of the harmonic 
polar associates with the sides of the real inflexional triangle, are the ten real 
points of inflexion for the C,; determined by the pencil. (Fig. 3). 
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These ten points are further related. The six 


(0, 1, 2), (2, 0, 1), (1, 2, 0), 
(0, 2,1), (1,0,2), (2, 1, 0), 


lie on the conic; and on each of the harmonic polar associates two of these 
six are harmonic with respect to the harmonic point (1, 1, 1) and one of 
the three (0, 1, —1), (—1, 0,1), (1, —1, 0). 

The thirty imaginary points of inflexion of a C,; (the imaginary points 
of the group of forty) lie by sixes on the eight imaginary inflexional axes 
of the original pencil. 


II. Cubics with Three Real Inflexions. 


The results of the discussion of the quadrangle consisting of two real 
inflexions and an imaginary pair (in which case a third real inflexion is 
fixed) suggest the consideration of the system of cubics determined by three 
real inflexions. It is convenient, however, to consider first the more restricted 
system determined by three real points of inflexion and a fourth real point 
as harmonic point. 


§1. Three Real Inflexions and a given Harmonic Point. 


It was noted that for a syzygetic pencil of cubics the harmonic point and 
line of reals are harmonic point and line with respect to the real inflexional 
triangle. Consider any cubic with (0, 1, —1), (—1, 0, 1), (1, —1, 0) 
as real points of inflexion and (1, 1, 1) as harmonic point. The sides of a 
real triangle passing singly through the points of inflexion have equations 


t+ By+z2=—0, 


where a, 8, y are any real numbers. The condition that the polar line of 
(1, 1, 1) with respect to this triangle be x-+y+2z2—0isa=—B=—y. Thus 
the sides of the real inflexional triangle of the cubic under consideration have 
equations of the form 


at+y+z2=—0, r+ay+z2=—0, r+y+az2—0. 


It is known that for any non-singular cubic there is one pair of imaginary 
inflexional axes through the harmonic point, and further * that the lines of 


page 265. 
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this pair together with the three harmonic polar associates form an equi. 
harmonic system. Thus the cubic under consideration has as one pair of 


inflexional axes the lines equiharmonic to 


—2a+y+2=0, r—2y+2=—0, t+y—2%= 
that is, 
t+ + 02 —0. 
The intersections of these imaginary lines with the sides of the real inflexional 


triangle, 
(w—w?, aw*—1, 1— aw), (w? — wo, aw —1, 1 — aw’) ; 
(1— ae, aw* —1), (1— aw’, — ow, aw—1); 
(aw? —1, 1— aw, w— 0”), (aw —1, 1— aw’, w* —w) ; 


for any arbitrary value of a, together with 

(0, 1, ~~), (— 1, 0, 1), (1, md, 0), 
satisfy the conditions imposed upon the inflexions of a cubic. Consequently 
the cubic under consideration is any one of the doubly infinite system repre- 
sented by the equation 


(c+y+2) (t+ oy+ (+ + 02) 
+A(az+y+2) (tc+ay+z) (cx +y+ az) =0, 


depending upon two variable parameters which enter one in the first and one 
in the third degree. To every value of the parameter a there corresponds a 


unique pencil, hence 


(1) All plane cubics with the same three real points of inflexion and 
a given harmonic point form a doubly infinite system consisting of a single 
infinity of syzygetic pencils. 

As the parameter a varies from zero to infinity the sides of the real 
inflexional triangle describes three pencils of real lines, intersecting the fixed 
pair of imaginary inflexional axes in three singly infinite systems of pairs 
of imaginary points. These points (except in the two special cases con- 
sidered in the next two paragraphs) are all distinct, since two real lines 
cannot intersect in an imaginary point. However, these are not all the 
points on the two imaginary axes, for they are intersected by every one of 
the double infinity of real lines in the plane (excepting those through their 


real point of intersection) in a pair of imaginary points, and no two of the 
intersections coincide for the reason stated. From this follows the theorem: 


and Cubics with Three Real Inflexions. 159 


equi- 
pair of 


(2) The imaginary points of inflexion of the doubly infinite system of 
cubics determined by three real points of inflexion and a given harmonic 
point, are the intersections of the pair of lines equiharmonic with -respect 
to the harmonic polar associates by the three pencils of lines through the 
three fixed inflexions. 


The three lines 
at -+y+z=—0, 
z+ay+z=—0, 
t+y+az—0, 


form a triangle unless the determinant formed by the coefficients vanishes, 
that is unless a——2 or 1. If a—-—2, the three lines intersect in the 
harmonic point and the curves form a pencil of nodal cubics, that is, the 
six imaginary points of inflexion coalesce at the harmonic point where the 
cubics then have a node.* Since the three lines are concurrent for no other 
value of a, this coalescence can occur at no other point. Hence, 


ently 
“Po (3) Included in the doubly infinite system of cubics determined by three 
real points of inflexion and a fixed harmonic point there is precisely one 


pencil of rational cubics:—namely, a single infinity with a common node at 


the harmonic point. 
If a1, the three lines are coincident and the curves form a pencil of 


reducible cubics 
(e+ oy +o%) («+ +A(e+y +2)? =0, 


consisting of the line of reals and a pencil of conics with the pair of imagin- 
ary axes as tangents and the line of reals as chord of contact, that is, the 
three pairs of imaginary points of inflexion coincide at the two points of 


contact. 
The vertices of the single infinity of real inflexional triangles 


(.~¢—1, 1,3), (4 1). 


as a varies trace out the lines 


z—z=0, r—y=0, 


y—z=—0, 


which are the three real harmonic polars for every curve of the system. 


Hence 


* A node on a cubic with three real points of inflexion is necessarily an isolated 


point. 
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(4) The locus of the vertices of the real inflexional triangles, for the 
doubly infinite system of cubics determined by three real points of inflexion 
and a fixed harmonic point, is the set of three real harmonic polars common 
to all the curves of the system. 


To each of the single infinity of pencils of cubics of this system there 
corresponds a (,3, consisting of the pencil in‘ question and twelve others 
having five points of inflexion in common with it. Every such C,; has in 
its inflexional group of forty points the three real points of inflexion and 
harmonic point common to all the curves of the system. The six other real 
points are the intersections of the sides of the real inflexional triangle by 
the three harmonic polar associates, 


+y+2=—0, r—2y+2=—0, 
expressible as pairs 


(a—1, 2a +1, —3), (a—1, —3, 2a+1); 
(— 3, a—1, 2a + 1), (2a + 1, a—1, —3); 
(2a +1, —3,a—1), (—3, 2a +1, a—1). 


As a varies these pairs trace out respectively the three harmonic polar asso- 
ciates. The harmonic point and three fixed inflexions are given by the values 
of a(— 2 and 1) corresponding to the singular cubics included in the system. 
This gives the theorem 


(5) The locus of the real points of inflexion of the C,;, for the doubly 
infinite system of cubics determined by three real points of inflexion and a 
fixed harmonic point, is the set of three harmonic polar associates common 
to all the curves of the system. 

As 

y—z=0, —2r+y+2=—0; 
z—xz=0, r—2y¥+2=—0; 


is a pencil of lines in involution at (1, 1, 1) with 
t+oy+o%—0, t+ + 
as double lines, 


(6) The locus of the vertices of the real inflexional triangles and of the 
real points of inflexion of the C,;, for the doubly infinite system of cubics 
determined by three real points of inflexion and a fixed harmonic point, 
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is a pencil of six lines in elliptic involution with the harmonic point as vertex 
and the two imaginary lines through the imaginary points of inflexion as 
double lines. 


§2. Three Real Inflexions. 


The argument in the preceding section with respect to the system of 
cubics with 
(0, 1, (— 1, 0, 1), (1, 0) 


as real points of inflexion and (1, 1, 1) as harmonic point is independent 
of the choice of coordinates for the harmonic point. Consequently there is a 
double infinity of such systems with the three inflexions. The removal of 
the restriction that the curves have a fixed harmonic point gives the system 
two more degrees of freedom and accounts for the four-fold infinity of cubics 
in a plane with three common real points of inflexion. 

Corresponding to the three pairs of lines forming a pencil in elliptic 
involution through the harmonic point (1, 1, 1) :—namely 


y—z2=0, 
2z—z=—0, +z2=—0; 
=), r+y—rz=—0; 
with 


as double lines, there are three pairs of points forming a range in elliptic 
involution on the line of reals x + y + z = 0:—namely 


(0, 1, —1), (— 2, 1, iy; 

(—1, 0, 1), (1, —2, 1); 

(1, —1, 0), (1, 1, —2); 
with 

(1, w, (1, @); 


as double points. The removal of the restriction with regard to the harmonic 
point leaves the range of points invariant; while the totality of harmonic 
polar associates and real harmonic polars for the four-fold infinity of cubics 
form six pencils of real lines through the points of the range, and the in- 
flexional axes through the harmonic points form a doubly infinite system of 
imaginary lines through each of the two double points. Since every imagin- 
ary line in a real plane passes through one, and only one, real point, these 
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inflexional axes include all the imaginary lines (in the plane of the cubics) 
through the two double points of the involution. Consequently the following 
theorems hold for the quadruply infinite system of cubics in a plane deter- 
mined by three real points of inflexion: 


(1) The imaginary points of inflexion are the intersections of the two 
doubly infinite systems of imaginary lines through the two points equianhar- 
monic with respect to the three fixed inflexions, by the three pencils of real 
lines through the three inflexions. 


(2) The locus of the vertices of the real inflexional triangles is a double 
infinity of sets of three lines, one set through each real point of the plane, 
the lines of each set being the three real harmonic polars common to the 
curves of a doubly infinite system of the cubics; the whole forming three 
pencils, one through each of the points harmonic to one of the fixed inflexions 
with respect to the other two. 


(3) The locus of the real points of inflexion of the C,; is a double in- 
finity of sets of three lines, one set through each real point of the plane, the 
lines of each set being three harmonic polar associates common to the curves 
of a doubly infinite system of the cubics; the whole forming three pencils, 
one through.each of the three fixed inflexions. 


(4) The locus of the vertices of the real inflexional triangles and of 
the real points of inflexion of the C,; is a double infinity of sets of six lines, 
one set through each real point of the plane, each set forming a pencil of 
three pairs in elliptic involution with the common harmonic point of a doubly 
infinite system of the cubics as vertex and the imaginary lines through the 
imaginary points of inflexion of the same doubly infinite system as double 
lines; the whole forming six complete pencils of lines through the three fixed 
inflexions and their conjugates in the elliptic involution on the line of reals, 
having the vertices of the systems of imaginary lines through the imaginary 
inflexions as double points. 


WEstT VIRGINIA UNIVERSITY. 


A Mathematical Theory of Competition. 
By C. F. Roos. 


1. Inrropuction. With reference to the fact that the demand for a 
commodity often depends not merely on the price at any given time, but also 
on whether the price is increasing or decreasing at this time,—or, more 
exactly, assuming that the demand is a linear function both of the price 
and of the rate of change of price as well,—G. C. Evans has developed a 
theory of monopoly.* The following is an account of a corresponding theory 
of competition, which seems to have new elements of mathematical interest. 
In order to save space the author limits himself, as far as possible, to these 
latter considerations. 

Let us assume there are two producers, each manufacturing subject to 
the same cost function, 


(1) q(u) = Au? + Bu+ 


amounts wu, and ws, respectively in unit time, and each trying to make his 
profit Il;, 11, 2, a maximum. 

If we assume that the demand is a linear function of the price p, and the 
rate of change of price, dp/dt, and further that as many units are sold as are 
produced then, 


(2) y(t) + %—ap(t) +h 


where as in Evans’ earlier paper + we take a< 0, b>0, A,>0, B>O, 
C>0. 
In the theory of competition the following two problems are of interest. 


PRoBLEM (1). Given p=p, at (h being negative) choose 
so that II, is a maximum when w, is regarded as not subject to variation, 
and at the same time choose wu, so that II, is a maximum when 4, is regarded 
as not subject to variation. 

In this case the restriction on p at ¢ =, involves no restriction on 
and wu. since (2) involves an arbitrary constant. 


*G. C. Evans, “The Dynamics of Monopoly,” Amer. Math. Monthly, Vol. XXXI, 
No. 2, Feb., 1924. 

+G. C. Evans, “A Simple Theory of Competition,” Amer. Math. Monthly, Vol. 
XXIX, No. 10, Nov.-Dec., 1922. 
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PROBLEM (2). Given p= p, at t—t, and p= p; at t= choose 
as a function of ¢ so that I, will be a maximum when the function w, alone 
varies with p and so that II, will be a maximum when the function U2 alone 


varies with p. 

In this case the variation of u, (or wz) is not arbitrary on account of 
(2) and the boundary conditions. 

In both cases the total profits during the interval of time ¢, to ft will be 
given respectively by, 


(4) 


2. CONDITIONS FoR Maximum. These problems do not seem to reduce 
strictly to problems in the calculus of variations but solutions, however, are 
given below. Let us discuss them in the order already given. 


In order to obtain a solution of problem (1) let a,(¢), a(t), and p(t) 
be the values of u;, u2, and p giving the desired solution if such values exist. 
Replace u;, U2, and p by, 

UW =U; + w(t) 
(5) Uz =e + wope(t) 
p= Pp + 


where yi(¢) and y2(¢) are continuous functions of ¢ admitting continuous 
derivatives in the interval ¢, to t. and 6(¢) is a continuous function of ¢ 
admitting continuous derivatives in this interval and vanishing at 4. By 
(2) it is easily seen that 6(¢) satisfies the differential equation aw6 + hof’ = 
oY; + wey, and is therefore determined by its value at one point say t,. 
It is evident that wy, (t), and will be less in absolute value 
than a fixed quantity ¢ in all the intervals provided | »; | and | , | are small 
enough. 

Obviously, and p=p when wo, —w.~0, because 
of (2). 

Now if we replace w:, uz, and p in (3) and (4) by their values as given 
by (5) we get II, and Il, as functions of w, and w.; hence the necessary con- 
ditions for a solution of our problems are, 


- =(Q when 
Ow, 


“ 
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L008e p By the ordinary rules of differentiation applied to (3), 
alone 
» Alone orl, Ou, dp Ou, 
(6) Siete | 
unt of 
By (5) this expression becomes, 
Vill be ts Op 
From the initial conditions and (2) and (5), 
ty 
Op 1 -(a/h)t 
Substituting this in (6) gives, 
xis + —24 + —B 
1 1 
ta ta t -(a/h) (t-7) 
+ f de] db + f dt f 
h th th. h 
Before we can draw any definite conclusions from the above expression 
it is necessary to write the iterated integral in a different form by applying 
Py Dirichlet’s formula and then interchanging ¢ and 7, the parameters of integra- 
tion. This gives, 
By 
= 
— 24 (a + (1) —B + o/h 
dw, ty 
t ta 
f (7) dr + 1/h e(a/hit ti, (7) |, (t) dt 
a ty t 
and for w; = w2 = 0 this becomes 
se 
te tg 
= ( [p—2Aa,— B+ 1/h f (r) Tdr |, (t) dt = 0. 
ty t j 
en 
n- Since y,(¢) is arbitrary, we can conclude that the integrand is zero and 
therefore write as a necessary condition, 
te 
(7) p—2Au—B-+ 1/h f Tdr = 0. 
t 
2 


| 
| 
| 
| 
| 
| 
| 
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In an entirely similar manner we derive from (4) 


tg 
B+ 1/h emt f g(r) 7dr — 0. 
t 


(8) p— 2Auz 


These equations are proved to be sufficient by showing that 0II,/do; < 0 
when w, = 0 and 0 < < 1, and OI, /dw, << 0 when wo, — 0 and 0 < <1, 
no matter what the functions y,(¢) and y.(t) are. The reasoning follows: 

When (7) is true, (6) becomes 


Let ais be the value of 6 when o.—0. Then from (2) and (5) 
(t) = dw, (t) a hw6,’ (t) 


or solving this differential equation for w6,(¢) we can write 


t 
w6, (t) (w,/h) f ry, (r)dr 
th 


If we substitute for wyi(t) and (a/b) (+) dr their 
values as given by the relations above, then 


aml, aw, (t) + hw,’ (t) 


ty 
[o, — 2A (aw, (t) + hob,’ (t)) + 06; (t) 
== 76, 24 [aw6, (t) how,’ (t)]? dt 


ty @1 


06, (t) 


Now by an integration performed on the last term of this expression we 
can write 


« 


orl. ta ta 
0°6,2(t) dt —2A /o f [aw6,(t) + hw,’ (#) }2dt 
th ty 


Ow, 


+ 


The first two terms of this expression are negative (see (2)), and the 
term outside the integral sign vanishes at ¢,, so that it is negative when h is 


neir 


we 


dt 


he 
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negative. It is evident that the expression is negative independently of the 
sign of h if it happens that, 


tg tg 
— 24 f [aw0, + hod,’ | 
th ty 


hw? /o, 6,?(t2) 


but we shall not attempt to discuss this phase of the problem. It is perhaps 
worth mentioning that if we be given p= p, at tt, instead of p= p, at 
t=, we can find wu, as a function of ¢ so that II, during the interval of time 
t, to to will be a maximum and uw, as a function of ¢ so that II, will be a 
maximum provided h is positive. 


3. SOLUTION oF INTEGRAL Equations (7) AND (8). We wish to find 
pas an explicit function of ¢ such that it will satisfy equations (7) and (8) 
and (2), or in other words solve these three equations for the three unknowns 
Uy, U2, and p. Adding (7) and (8) and remembering that wu, + u2—ap+ 
b+ hp’ we get, 

(9) [29 — 2A (ap + b + hp’)— 2B] 


ve ta 
+f 


Before proceeding further let us notice that this expression conditions 
the value of p at t= ¢,, i.e. p must satisfy the equation, ; 


(10) 2p—2A(ap+b+hp’) —2B=—0. when t= 
The integral equation (9) can readily be reduced to a second order differen- 


tial equation with constant coefficients by a differentiation with respect to f. 
We get on collecting terms, 


(11) — 2Ah?p’’ + hp’ —a(3 — 2Aa) pp = b — 2Aab — 2Ba. 
The general solution of this equation is, 


— 2Aab — 
1+ Vi—84a(3—24a) 1— V1— 8Aa(3 — 


(12) emt +. where 


and C, and C, are determined from the initial condition p= p; at t= 1,, 
and the condition (10). In fact the determinant of the linear equations in 
C, and C,540. There always exists therefore a unique solution of the prob- 
lem proposed. 
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Since u, and uz are solutions of the same integral equation [see (7%) 
and (8)] we can conclude that u; = uz and proceed to determine the amount 
of goods produced by means of (2). 


4, SoLuTIoN oF ProBLeM 2. Given p= p, at and p= pp at 
t = t, we wish to find w, as a function of ¢ so that II, is a maximum, and u, 
as a function of ¢ so that I, is a maximum no matter what the variation of p, 
Let y(t), and 6(¢) be continuous functions of ¢ with their deriva. 
tives and write 
1 = + ori (t) 
Uz = te + wof2(t) 
p—p+06(t) 


where 7, i, and p are the values of u;, U2, and p giving the desired solution, 
The three families ,¥, woo, of are therefore arbitrary except that they are 
always related by + = + hw’. Let us now impose the further 
condition that 6(¢) vanish at ¢ =, and at t = @. 

As before we get Ue and p—p when The 
necessary conditions for II, to be a maximum as a function of wu, and II, a 
maximum as a function of uz are OII,/dw; = = 0 when = = 0. 

For the determination of u,, the parameter w. will be zero, and there- 
fore the work is simplified by considering the family w6,(¢) for which wo, 0. 
In fact, we can write oy, (t) = aw6,(t) + ho6,’(t). 

As in article (2) we obtain, 


00, ty Ow, P +r 


0 1 ® 


t 
where — = e°/Tdr = w/w; 6,(t). 
@1 ty 


By means of the relation w:~; = dw6, + hw,’ this expression becomes, 


ty 1 


001 
— [2A (a, + aw; + ho6,’) + B] + di 


tg 
ty 
Ba ahw6,’} w/o 6, dt 
te 
+f (hp0,’ — 2Ahii,0,’ — 2Ah?w6,’? — hB6,’) w/w, dt. 
ty 
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(7) 
mount 


By integrating by parts the first three terms under the second integral 
sign and remembering 6(t,) = 6(t2) —0 this can be written as, 


aml 
Po at — fi [ap + + + i, — 2Aai, — — 2Aahw,’ 
@1 
U; — Ba — — hp’ + 2Ahiiy’+ 2Ah?06’’] w/o, 6, dt 
0 p. 


and for w; = v2 = 0 this becomes, 


eriva- 


= -fi [— hp’ + ap + (1— 2Aa) a, — Ba + 2Ahiiz’]0,(t) w/o; dé = 0. 


If we let the value »,—1 correspond to the value »o—1, i. e., let 
=u(t) —a@(t) when 6,(¢)—p(t)—p(t), the relation between 
and w6,(t) yields the identity But 6,(¢) is arbitrary except 
that it vanishes at ¢, and ¢,. Hence we can conclude that the above integrand 


is zero and write 


(13) — hp’ + ap + (1— 2Aa) i, — Ba + 2Ahii’ = 
In an entirely similar manner we obtain from the condition 0II,/dw2 = 0 
—hp’ +ap + (1— 2Aa)ai, — Ba + 2Ahi,’ = 0. 


It happens that these conditions are also sufficient, for when (13) is true 
the expression (A) for @II,/dw, becomes 


(14) 


ta i 
= [ + hw6,’) w/w a (aw6, hw6,’) w/o; 6, 
Wy 1 

@1 


If we integrate the terms in 6,’ and remember that 6, vanishes at ¢, hy 
and at t,, this can be written as, a 


tg te 
f —2A (aw6, + hw6,’)? dt 
ty ty 


00 


and for w. = 0, 0 < w, < 1 this is evidently negatived by the inequalities (2). 
The conditions (13) and (14) and equation (2) yield the solution of 

our problem. If we add (13) and (14) we obtain on dropping dashes 
2ap — 2hp’ + (1 — 2Aa) + u2) —2Ba + 2Ah(uy’ + uo’) = 0 

and by (2) this becomes 


(144) —2Ah2p” + hp’—a(3— 


2Aa)p = b — 2Aab — 2Ba. 
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This differential equation is the same as (11) but the constants in the 
solution are determined differently. The general solution is, 


(15) P= pot Crem! + Crems!, 
where m, and mz have the values previously given, and 


b —2Aab — 2Ba 


For simplicity suppose ¢;—0, then if we let r; = p,— p, and m= 
P2— po, Substitution in (15) gives us 


1 —e (my, mg) ts 


te 


We can therefore say that a unique solution of the problem proposed 
always exists. 


5. DIscussION OF SOLUTION OF PROBLEM 2. It is interesting to note 
that although (15) is a solution of a differential equation containing a term 
in p’ while Evans’ corresponding result for monopoly is a solution of a differ- 
ential not involving p’ similar conclusions regarding the solution can be made. 

A particular solution of (14A) is the constant p=, which is the 
Cournot competition price obtained when the equation of demand does not 
involve the rate of change of price.* 

If we choose the end values such that p= p, etc., it continues to be a 
solution of our problem. Also, as in the case of monopoly, no solution not 
identically equal to p, can take on the value p, more than once; in fact, the 
real non-negative value of tS ¢, for which p—‘p, is given by 
C; 


The derivative dp/dt will be zero for the single real value of ¢ in the 
interval 0 = for which 


t = 


t 
mC, 


We can show by using the values of C, and C, in terms of r, and r2 that, 
if r,; and r, have opposite signs the graph of price against time cuts the line 
p= P, once and has no horizontal tangent in the interval, the price continv- 
ously increasing or decreasing as the case may be, from p, to p.; if r, and rf. 


*G. C. Evans already cited. 
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have the same sign the graph fails to cross the line p= p, at all and has 
one and only one horizontal tangent provided the interval of time is large 
enough. As is seen by direct computation we must have 

M1 M2 myemat — moemt 


2 
Mes 


my 


otherwise there is no horizontal tangent. Since the second derivative does 

not vanish where dp/dt does we can conclude that p has a maximum in the 

interval if dp/dt is positive at ¢ 0, and a minimum if dp/dt is negative at 
=0(. This slope dp/dt has the same algebraic sign as the quantity 


m,emeta moemta 


A comparison of this quantity with the previous inequality shows that 
when r, and 7, are both positive p(t) has only a minimum and when r, and r2 
are both negative ‘t has only a maximum. All of the above results are inde- 
pendent of the sign of h. 
Since (13) and (14) are necessary and sufficient conditions for the solu- 
tion of the problem, wu; and wz are not necessarily identical, as functions of ¢, 
but may have initial values conditioned merely by the fact that their sum is 


given by (2). 

6. EXTENSION TO n Propucers. It is instructive to investigate the 
phenomenon of competition when n producers are involved, inasmuch as we 
can derive a formula which includes (15) as well as the monopoly formula 


of Evans. 


Altho each of the problems already discussed can be extended to the 
case of n producers I shall only give the extension of problem (2). 
If we let wu, w2, °° *, Un Tepresent the respective amounts produced by 


each competitor then, 
(2)’ Uy + Ue 
If II,, - - In denote the respective profits we have, 
f [pu dt, tom 1, 2, 3,° °°, 2. 


where each competitor assumes that the production of the other or others is 
independent of his and each tries to make his profit a maximum. 


i 
3 
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Let ¥i(t), and 6(¢) be continuous functions of ¢ with 
their derivatives and write, 


Ui = Ni + wiyi(t) where 71 = 2, 3, 
p=p+o(t) 


and p are the values of 1, Ue, 


where ° *, Un, p when p ig 
chosen as a function of ¢ so that II; will be a maximum when the function y,; 
alone varies with p. Because of (2)’ the n-+1 families woe, ++, 
wO(t) are always related by 


+ woe ++ + = dof + hw6’. 


The necessary conditions for II; to be a maximum when w; alone varies 


with p are therefore a = 0 
when = We>** ‘on = 0. 


By an analysis similar to that of article (3) we obtain the n necessary 
and sufficient conditions, 


—hp’ +ap+ (1—2Aa)u; — Ba + 2Ahui’ = 0, t—1, 2, 


If we add these n equations and remember that u, + 
ap-+6-+ hp’ we obtain the second order differential equation, 


— 2Ahp” + (n—1)hp’—a(n+1 


2Aa) p = b — 2Aab — nBa. 
The general solution of this differential equation is, 


(15)’ P= po + Cy’emst + C,’em'st where 
Eas b —2Aab — nBa 


m= (n—1) + V (n—1)? — 8Aa(n + 1— 24a) 
4Ah 


(n—1) — V (n—1)? — 8Aa(n + 1— 24a) 
4Ah 


3 


m’ 


and C,’ and C,’ are determined as before in terms of 7, and 1’. 

If n = 2 our expression (15)’ reduces to the formula discussed for two 
competitors, and again if m 1 we get the monopoly price already referred 
to. Again if n= we find that > 0, 7, and p— B for all t 
—that is, the larger the number of competitors the more rapid is the adjust- 
ment to new price levels. 
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with y, APPLICATION OF INTEGRAL Equations. In the present paper we 
have assumed that the demand is a linear function of the price and the rate 
of change of price. Another likely hypothesis is to consider the demand as 
depending not only on the present price but on all previous prices as well. 
This new hypothesis will lead into the theory of integral equations. Such an 
p is assumption is of the form, 


Uj t 
where we assume p(— is finite and (t—vr) is negligible if is 
large and negative. This is the usual restriction in treating the phenomena r 
ries of hysteresis. Consider the problem in which the interval of time extends i 
from t—=— o to t= ¢#, and each Il; is to be a maximum considered as a ' 
functional of the corresponding u;. We have then, i 
n. Using the methods of this paper as given in article (2) we get, i 
= w6 (t) dr 
4 
wi + +f- or (7) $(t—r)dr 
a a 
where is the resolving kernel of 
a 
so that after applying Dirichlet’s formula, we get, q 
orl ta 
= f + o8(t) + — + —2A(u, + oii) —B 
0, — oo a 
t te 
0 a —oo t a 
d and for o; = w2 = 0 this becomes 
to 
Ow, W1=W2 t a 
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In the same manner as before we have as necessary conditions for a solp. 
tion of the problem proposed, 


p+4,/a—24u,—B+1/a u,(r) (7 —t) dr = 0, 


te 
p+,/a—24u,—B+1/a f 9, 
t 
Adding these two equations gives 


(12) —B + 1/a 
Now from (16), 


o(t— 7) dr. 


We can therefore write (17) as 


B 2B 2 


If we define: 
K (tr) when and 
= —¢(r—?t) whenr># andA= 
=(Q when r=? 


we can write this Fredholm Integral Equation as, 
te 
(18) y(t) +2 
te 
—0oo 


where k(t,7) is the resolving kernel of K(t,7) unless A happens to be a 
characteristic value. It is perhaps worth while to mention that d is a positive 
fraction less than one (see inequalities given in (2). 

Returning to the earlier problems, if we add (7) and (8) [the necessary 
conditions for a solution of problem 1, hypothesis (2)] and substitute for p 


i 


& Soly. 


)dr 
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its value obtained as a solution of the differential equation (2), the following 
integral equation for the determination of y results. 


y(t) =f) +f where 


2 (a/h) (t-7) e(a/h) (t-7) 


and p, is the value of p at t= f2, to be determined later. This equation 
can be solved without appealing to the results already obtained in the dis- 
cussion of problem 1. 

In fact, since K(t—v7) satisfies a simple second order differential equa- 
tion we can obtain the revolving kernel from the fundamental reciprocal 
formula. Differentiating twice and combining by K’”(v) —a?/h? K(v) =0 
gives a second order differential equation whose solution is, 


k(t— rT) giemt-7) 
where m, and mz are the quantities previously called m, and me, and 


2Ahm, + 6Aa—1 2Ahm, + 6Aa—1 


We can therefore write the solution of (19) as 


(20) y(t) f(t) — k(t—2) de 


where the value of p. is determined as follows: 
From the initial conditions and the linear differential equation (2) we 
obtain 
t 
Do = py (tert) 4 f y (7) dr 
ty 
and by (20) this becomes 


te 
= Pr e7 (a/h) (te-ty) + e(a/h)r f(r)dr 1/h e7(a/h) ts 
t 


1 


te T 
ene ae f k(r— x) f(x) dx 
tg 


an implicit equation for the determination of po. 
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Imprimitive Substitution Groups. 
By G. A. MILLER. 


§I. Definitions and generalities. 


A transitive group G of degree n is said to be imprimitive whenever the 
letters of G can be divided into distinct sets or distinct systems which are 
transformed as units by all the substitutions of G. Each such set or system 
is supposed to be composed of more than one letter. While the notion of 
imprimitivity is one of the oldest in the theory of substitution groups, appear- 
ing in the works of P. Ruffini and E. Gallois, comparatively little progress 
has been made as regards the determination of the possible number. of dif- 
ferent systems of imprimitivity that may appear in the imprimitive groups 
of a given degree n. In the particular case when such a group is regular 
it is known that there is a (I,J) correspondence between the possible sys- 
tems of imprimitivity and the non-identity subgroups of the group. In par- 
ticular, the regular abelian group of order 32 and of type (J,/,J,J,J) has as 
many as 372 different systems of imprimitivity. 

In view of the fact that the notion of imprimitivity is so fundamental 
it is not surprising to find that a large number of equivalent definitions of 
the term imprimitive group can be given. Among these are the following: 
A necessary and sufficient condition that a substitution group is imprimitive 
is that all the substitutions of G which transform a given letter into another 
given letter transform among themselves a certain subset of the letters of G. 
This subset does not necessarily constitute a system of imprimitivity of G. 
Another necessary and sufficient condition that G is imprimitive is that for 
any fixed letter of G it is possible to find another letter such that the totality 
of the substitutions of G which transform the former into the latter does not 
generate G. This is equivalent to saying that this totality generates an intran- 
sitive group. It may be noted that the letters of the transitive constituent 
of this intransitive group which include the given fixed letter constitute a 
system of imprimitivity of G but that this is not necessarily true as regards 
the letters of the other transitive constituents of this intransitive group. The 
degree of each of these other transitive constituents is divisible by the degree 
of the former constituent, and whenever this quotient is unity the letters of 
the corresponding constituent constitute also a system of imprimitivity of G. 

The definitions of imprimitivity which were noted in the preceding 
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paragraph are based directly on the representation of the group as a substi- 
tution group. It is interesting to note here also definitions which are based 
upon abstract properties of G. It is well known that a necessary and suffi- 
cient condition that G can be represented as a transitive substitution group 
on n letters is that it involves a subgroup G, of index n which is not invariant 
under G and does not contain any invariant subgroup of G besides the identity. 
If we write the augmented co-sets of G with respect to G, in the usual way, 


as follows: 
G=G4,4+ 54, + +: snGy 


it is well known that a necessary and sufficient condition that the correspond- 
ing transitive group of degree n is primitive is that G, is a maximal sub- 
group of G. This is equivalent to saying that a necessary and sufficient 
condition that this substitution group is imprimitive is that there is at least 
one co-set s, G1, where a has one of the values 2, 3,-- - , n, which does not 
generate G. In what follows it will be proved that a necessary and sufficient 
condition that none of the co-sets s, G generates G 1s that every pair of 
letters of this substitution group appears in a possible system of imprimitivity. 
Hence we have the following three cases: A necessary and sufficient condi- 
tion that this substitution group is primitive is that every co-set s,G@, gener- 
ates G; a necessary and sufficient condition that it is imprimitive is that at 
least one of these co-sets does not generate G; a necessary and sufficient con- 
dition that every pair of its letters appears in some possible system of im- 
primitivity is that none of these co-sets generates G. 

To prove the italicized theorem of the preceding paragraph it should 
first be noted that the group generated by s,G,, where a has any one of the 
values 2, 3,- - +, m, includes G,. This group is evidently of degree n when 
G is represented as a transitive group with respect to G,, as will be assumed 
in what follows. In fact, G, and any substitution of G which is not contained 
in G, obviously generates a group of degree n. When the group generated 
by s, @, is transitive it must therefore coincide with G. When it is intransi- 
tive it must involve all the substitutions of G which transform a letter omitted 
by G, into the letters of its transitive constituents which involves this omitted 
letter. Every one of the remaining substitutions of G must therefore trans- 
form all the letters of this transitive constituent into a set of letters which 
has no letter in common with this constituent. That is, the letters of this 
constituent constitute a system of imprimitivity of G. Moreover, they con- 
stitute the smallest system of imprimitivity of G which involves this omitted 
letter of G, and the letter by which it is replaced in s,, as a direct consequence 
of the definition of a system of imprimitivity. 
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Since every right co-set which involves a fixed substitution generates the 
same group as the left co-set which involves this substitution and since the 
former co-sets are composed of all the substitutions of G which transform a 
letter omitted by G, into a fixed letter, it results that this omitted letter 
appears in a system of imprimitivity containing an arbirarily other letter 
of G whenever no one of the possible co-sets with respect to G, generates G, 
and vice versa. Hence the theorem under consideration has been established. 
It also results from the above that to every proper subgroup generated by a 
co-set, or by more than one co-set with respect to G, there corresponds a sys- 
tem of imprimitivity of G which involves the letter omitted by G, and to 
every such system there corresponds such a subgroup. That is, there is a 
(I,I) correspondence between the different possible systems of imprimitivity 
of G and the different subgroups generated by one co-set, or by more than 
one co-set with respect to G,. A necessary and sufficient condition that G 
is imprimitive is that some two of the n conjugates of G, under @ generate a 


proper subgroup of G. 


§ 2. Number of systems of imprimitivity. 


We shall first consider the different possible systems of imprimitivity 
of the transitive group G which are such that each system is composed of two 
letters. When G is non-regular the subgroup G, composed of all the sub- 
stitutions of G which omit a given letter a, must omit all the letters of the 
system including a, in the various possible set of systems which are such 
that each system is composed of two letters, since the substitutions which 
omit one letter of such a system must also omit the other letter of the system. 
If the degree of G, is n—n, it is known that G, is invariant under a sub- 
group of G whose order is n, times the order of G, and which involves a 
regular constituent of order n,. As the conjugates of the substitutions of 
this constituent represent the substitutions which involve the letters of G 
and are invariant under G it results directly that there is.a (J, I) correspond- 
ence between the substitutions of order 2 in this regular constituent and the 
different systems of imprimitivity of G which are such that each system is 
composed of two letters. 

Since n, is a division of n it results from the preceding paragraph that 
the number of the different systems of imprimitivity of G such that each 
system is composed of two letters is equal to the number of operators of order 
2 in a group whose order divides n. Moreover, if n, is an arbilrary divisor 
of n the direct product of n/n,.regular groups of order n, extended by sub- 


Mitter: Imprimitive Substitution Groups. 179 

stitutions which transform the transitive constituents of this direct product 
according to a regular group obviously contains exactly as many systems of 
imprimitivity, such that each system is composed of two letters, as there are 
substitutions of order 2 in the given regular group of order n;. This estab- 
lishes the following theorem: It is possible to construct an imprimitwe group 
of degree n which has exactly as many different systems of imprimitivity as 
there are operators of order 2 in an arbitrary group whose order is an arbi- 
trary divisor of n, including n; and an imprimitive group of degree n cannot 
have any other number of such systems of imprimitivity. In particular, if 
an imprimitive group of degree n has at least one set of systems of imprimi- 
tivity such that each system is composed of 2 letters the number of such 
systems is always odd, and is equal to the number of substitutions of order 2 
on the letters of this imprimitive group which are commutative with every 
one of its substitutions. 

The theory of the number of possible systems of imprimitivity such that 
each system involves a prime number p of letters is much more difficult when 
p is odd than when p is 2. To illustrate this fact it may be noted that when 
p is odd it is possible to construct a group of degree p* and of order 2p? 
which has exactly two systems of imprimitivity such that each system involves 
exactly p letters. To construct such a group it is only necessary to extend 
the regular non-cyclic group of order p? by means of a substitution of order 
2 which is commutative with one of the substitutions of order p in this regu- 
lar group and transforms another of these substitutions into its inverse. The 
group of order 2p? thus obtained contains 2 and only 2 invariant subgroups 
of order p while its remaining p—JTJ subgroups of this order are conjugate 
in pairs. This group obviously contains no systems of imprimitivity besides 
the two whose systems are composed of p letters each. 

If the order of G is p™ each of its systems of imprimitivity such that a 
system is composed of p letters corresponds to a substitution of order p which 
is invariant under G. Hence the total number of such systems is found in 
a group containing only substitutions on the letters of G and whose degree 
is equal to the degree of G. It therefore results directly that when p is an 
odd prime number and G is of order p™ the number of its systems of imprimt- 
tivity such that each system involves p letters is equal to the number of the 
subgroups of order p in a group whose order is a divisor of the degree of G. 
In particular, the number of these systems is always of the form I + kp. 
If d represents any divisor of the degree of G, including this degree but 
excluding the identity, then it is possible to construct an imprimitive group 
whose degree is equal to the degree of @ such that this imprimitive group 
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contains exactly as many systems of imprimitivity in which each system jg 
composed of p letters as there are subgroups of order p in an arbitrary group 
of order d. Such a group can obviously be constructed by the method used 
above when p was supposed to be equal to 2. 

Every transitive group of order p” contains systems of imprimitivity 
such that each system contains a number of letters which is an arbitrary 
proper divisor of the degree, excluding the identity, since such a group con- 
tains an invariant subgroup whose order is an arbitrary divisor of the order 
of the group. It is interesting to note that every transitive constituent of a 
Sylow subgroup of a symmetric group has one and only one set of systems 
of imprimitivity for every such divisor of its degree. If such a Sylow sub- 
group is transitive then it will also contain one and only one set of systems 
of imprimitivity for every such divisor of its degree. Hence the following 
theorem: Every transitive constituent of a Sylow subgroup of the symmetric 
group of degree n has one and only one set of systems of imprimitivity such 
that the number of letters in a system 1s p, p*,* + +, p*1, p* being the degree 
of this transitive constituent and a being greater than unity. In other words, 
a transitive constituent of a Sylow subgroup of the symmetric group has the 
smallest possible number of different systems of imprimitivity for a prime 
power transitive group of this degree. 

Suppose that G contains a transitive subgroup whose degree n, is less 
than the degree of G. It is not difficult to see that G contains either no set 
of systems of imprimitivity such that the number of letters in one system 
is n, or it contains only one such set. In the latter case a system of impri- 
mitivity is composed of the n, letters of the subgroup in question. The 
italicized theorem of the preceding paragraph is obviously a special case of 
the general theorem just noted. In particular, it results from this theorem 
that when G involves at least two transitive subgroups of degree n, which 
have some common letters but not all letters in common then it cannot involve 
systems of imprimitivity such that each system involves exactly n, letters. 
It may also be noted that every non-regular prime power transitive group of 
degree p? contains one and only one set of systems of imprimitivity; viz., the 
one corresponding to the systems of intransitivity of the invariant subgroup 
of order p. 


UNIVERSITY OF ILLINOIS. 


Classification of Monoidal Involutions Having 
a Fixed Tangent Cone. 


By Marian M. TORREY. 


I. Introduction. 


1. Ifa (1,2) algebraic correspondence is established between the points 
of two spaces (2’) and (x), such that a point P, of (x) uniquely determines 
a point P’ of (x’), but the point P’ determines two points of (x), P, and a 
second point P,, P, and P2 are conjugate points in a rational involution. 

The correspondence between the spaces is defined by associating with 
the planes of (a’) a web of surfaces, order n, of (x), such that any three 
surfaces of the web, not all belonging to the same pencil, intersect in only 
two variable points. These two points correspond to the one point in (2’) 
which is the intersection of the three associated planes, and they are two 
conjugate points of the involution. For certain points P’ it happens that 
the images P, and P, coincide. The locus of such points P’ is called the 
surface of branch points L’; its image, the locus of the point P,= P2, is 
called the surface of coincident points, K. This latter surface is always a 
component of the Jacobian of the web | s» |, images of the planes of (2’). 

The first systematic discussion of (1,2) correspondence between two 
spaces was given by De Paolis.* Previously De Paolis had studied the (1, 2) 
correspondence between two planes,} as had Noether and others.{ This space 
transformation has proved useful in the investigation of the singularities of 
certain surfaces, for example, the Kummer surface, and has also been used 
in the study of space involutions by Sharpe and Snyder.§ In the present 


*R. De Paolis, “Le trasformazioni doppie dello spazio,” Lincei Memorie, ser. 4, 
vol. 1 (1885), pp. 576-608. 

+R. De Paolis, “ Le trasformazioni piane doppie,” Lincei Memorie, ser. 3, vol. 1 
(1877), pp. 186-171; “ Le trasformazioni piane doppie di seconde ordine e la sua appli- 
cazione alla geometria non-euklidea,” Lincei Memorie, ser. 3, vol. 2 (1878), pp. 31-50; 
“Le trasformazioni piane doppie di terzo ordine primo genere e la sua applicazione 
alle curve di quarto ordine,” Lincei Memorie, ser. 3, vol. 2 (1878), pp. 851-878. 

tM. Noether, “tber die ein-zweideutigen Ebenentransformationen,” Sitzuwngs- 
berichte der physik. med. Societét zu Erlangen, vol. 10 (1878), pp. 81-86; “ber eine 
Klasse von auf die einfache Ebene abbildbaren Doppelebenen,” Math. Annalen, vol. 33 
(1889), pp. 525-545. 

§ F. R. Sharpe and V. Snyder, “Certain Types of Involutorial Space Transforma- 
tions,” Trans. Amer. Math. Soc., vol. 20 (1919), pp. 185-202, vol. 21 (1920), pp. 52-78. 
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paper it is used in discussing some types of monoidal involutions in which 
the monoidal transformation is compounded with the homology, the Geiser, 
the Bertini and the Jonquiéres involutions in the bundle. In addition al] 
monoids of the web defining the (1,2) correspondence have a fixed tangent 


cone. 


II. The Monoidal Involution Compounded with the Harmonic Homology, 
2. Given a transformation of order n, whose defining equations are 


(1) = Pn-2i ¢==1, 2, 3. 
= Un Un 


where Jn-2, Un-1, Un are ternary in 2, %2, Z3, and the net | ¢| is defined by 


$1 = 
(1’) = 
= 


To the planes of (2’) correspond a web of n-ics in (z) with the following 
basis elements: O*1== (0001), a basis curve Bncn-2) which is the intersection 
(Pn-2) Un-1%, + Un), and the simple point O,= (0100) with a consecutive 
point 0.’ which lies on the line consecutive to OO, in x; — 0, and also on the 
monoid + Un All monoids of the web have the common tangent 


cone Un-, = 0. 
3. Discussion of the ternary transformation. 


2 


To any plane az’, + ba’, + through O’=(0001)’ in (2’) 
corresponds a quadric cone az,? + + = 0 of (x). When the plane 
describes the bundle (0’), the quadric cones of the corresponding bundle in 
(x) all pass through the line O0.(7, = 2; 0) and have a common tangent 
plane z; = 0 along this line. 

Consider any pencil in the bundle of planes of O’. There is a pencil of 
quadric cones in (2x) all of which intersect in two lines besides the fixed 
line OO,. Therefore to a line of O’ correspond two lines of O, and there is 


a (1,2) correspondence between two bundles. 


| which 
Geiser, 
ion all 
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ology, 
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Having a Fixed Tangent Cone. 


The equations of the involution may be written 


== Ze, by solving 2/22’; = 


= Is, x,” = 23”. 
The fundamental elements in the (1,2) correspondence are 
0. 


The line 7, = 23 = 0 corresponds to 2’, = 2’; = 0, a basis line in (2’). 
As a point approaches z’,—2’;—=0 in any plane 2’,-+ Az’; = 0, its two 
images in (2) consist of a direction in the plane z, + Ars; = 0, and the plane 
a,—=0. Hence the true image of — 2’; —0 is the line 2, 27; —0; 
is an extraneous factor. 

Similarly a direction thro z,—2;—=0 has for image a direction thro 
a’, = 2’; =0 and the extraneous factor z’;. The proper image in (2’) of 
= 0 is the line 2’, —2’,=0. To a direction through 2’; — 7’; ~0 
correspond two directions through z, —z,;—0. Hence the image of every 
line through O” in 2’, = 0, excluding 2’, 2’; = 0, is the line 7, 7; 0. 

The tangent plane 7; = 0 has for image in (2’) the line (z’, = 2’; = 0, 
which is basis for the cones, images in (2’) of the planes of 0. 

The equation of L’ is 2’, — 0. 

From a consideration of the equations of the involution, it is clear that 
K is the plane 2, = 0. 


4. Now return to the general transformation given by equations (1). 
A line through O pierces a monoid of the web in a single point P, apart 
from O, to which corresponds in (z’) a point P’, the intersection of the line 
associated with OP,, with the plane which is the image of the monoid. The 
line O’P’ corresponds to two lines in (x), OP, and a second line intersecting 
the monoid at the point P, Hence there is a (1,2) correspondence between 
the points of two spaces; P, and P, are conjugate points in the involution J. 

Two surfaces of the web intersect in a curve of order n?, composed of 
Bnen-2): O'"-1)"-2) and a variable curve Con. Hence the following corre- 


spondence exists: 


Con has O to multiplicity 2(n—1). The projecting cone of con from O is 
a quadric belonging to the || net, and each generator meets Con in only 
one point apart from O. Hence genus of con equals genus of a quadric cone; 
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p=0. This result is not in keeping with the Riemann-Roch theorem, singe 
Pa = 0. 

5. The order of L’ is given by the value of 2p + 2, but when p=9, 
this formula cannot be applied. However, it is clear geometrically that J/ 
is identical with the surface of branch points for the ternary transformation, 
that is, the plane 7’, 0. For to any point P’ on L’ correspond two ¢o- 
incident points P on K. Hence the line O’P’ corresponds to a double line 
OP, and to every point on O’P’ corresponds a repeated point on OP. The 
entire line O’P’ lies on L’, and the locus of points which have coincident 
images in (x) is evidently identical with the locus of lines whose images in 
the ternary transformation are coincident lines. The surface of coincidences K 
is the plane z, = 0, and is a component of the Jacobian (J = 42,%37Un_1pn_s*) 
of the web (1). In addition the line z,— 2, —0 is invariant in J; this is 
evident from the equations of the involution (2) since either z, and 2, both 
change sign, or both remain the same, according as n is odd or even. 


6. Images in (2’) of fundamental elements of (7). All points on the 
line OO, except O and O, have for image the point 0’. If a point of 00, 
is approached in the plane z,-+ Az; = 0, the image point approaches 0’ on 
the locus 2’;(2’; —A?a2’,) =0. Hence the points of this line are in (1,1) 
correspondence with the pencil of lines through O’ in 2’, 0. The image 
of O, is the line 2’, — 2’, = 0. 

%. The image of every point on a simple basis curve is a straight line, 
so that the image in (2’) of Bnn-2) is a ruled surface. Any Con meets pn_s 
in 2n(n—2) points which must lie on B. Of these, 2(n—1)(n—2) are 
at 0; hence con meets B in 2(n—2) variable points, corresponding to 
2(m— 2) points in which a straight line of (2’) meets the image of B. All 
points of pn_2 except basis points have O’ for image; any curve on pp_2 cor- 
responds to a bundle of directions through O’. For the basis curve, these 
directions are given by the lines of the ruled surface, which is therefore a 
cone 

A plane through O cuts Con in two variable points. Therefore the surface 
which is the image in (z’) of this plane meets a straight line in two variable 
points and is a quadric surface Q’,. The complete image must be of order 2n, 
so that the image in (2’) of O is a fixed surface Q’o:n_1). Since the equation 
of a plane through O does not involve 2,, the image does not involve 24, 
and both Q’. and Q’o,n-1) aTe cones. 


8. Every generator of the common tangent cone un-, = 0 is a parasitic 
line. If a surface of the web contains an additional point on a generator, 
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it contains the entire generator, and there is a net of surfaces of the web 
containing the same line. This net corresponds to a bundle of planes in 
(2’) ; the generator corresponds to the vertex of the bundle. As the generator 
describes the cone wn-1, the image point describes a curve &. The cone Uns, 
cuts a surface of the web in n(n—1) lines; this is the order of é’, since 
it is the number of points in which a plane of (2’) cuts &. Any s; not 
through O cuts wn, in all its generators, so that every s’2 image of a plane 
of (x), passes through é,. For the composite s’on, & lies on the fixed com- 
ponent Q’on-1). The (n—1)(n—2) intersections (Un1, Pn2) correspond 


to (n—1)(n—2) directions through 0’, so that has | 


Hence each generator of Q’o:n-1) meets & once apart from O’, and the genus 
of ¢’ is equal to that of the cone. A study of the involution will show that 
the image of é’ in (x) is composite, being wn_-, and a basis curve y; the genus 
of ¢ is therefore equal to that of wn_,—0 which, with no restrictions, is 


generators. Of these, = — 2) result from pairs of conjugate lines 


On The other (n—1)(n—2) coincide along 2’, — 2’, = 0, for per- 
forming the ternary transformation on = 0, it is found that has 
the line 2’, = x’; = 0 to multiplicity n —1, with the plane 2’, —0 tangent 
to all nm —1 branches. 


9. Equations of the involution. The ternary involution gives x, = —72’,, 
2's, and also = gi (2’) for all ¢ of the net. Denote 
f(—2’,2’.a’,) by f and f(2’,2’.x’3) by f’. Then the equations of the involu- 
tion are given by 

Un + Un 
Pn-29i 


which becomes 


Interchanging primed and unprimed letters, the equations of the involution 
become 

= — 
(2) = Pn_otin-1X2, 

= 

+ Un) — Pn-2tn- 


The involution is of order 2(n—1); the Jacobian of the system is J; = 
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pn-2t*n-1p*n-2Un-1; every surface is a cone or a monoid, and all monoids haye 
the common composite tangent cone Pn-2Un-1 = 0. 


The basis elements of the involution are as follows: 


Lines (pn-2, Pn-2); of these »— 2 are invariant on 
K, and (n— 2)(n— 38) are arranged in pairs of 


Curve Bncn-2): (Pn-2, Un-1¥4 + Un)... n(n —2). 


Curve y(n-1)(2n-3) ; given by the intersection 
Pn-2[Un-104 + Un] — Pn-stin) after subtrac- 
(n — 1) (2n — 8), 


The total fixed intersection of two monoids of the web (2) is of order 
[2(n—1)]*—2(n—1); the variable curve of intersection is of order 
2(n—1). 

Note that the point O, and the line OO, are not basis in J. O is basis 
to multiplicity 2n — 3. 


10. Discussion of the involution. The conjugate of a plane az, + ba, 
+ cx; = 0 is a plane ax, — br, — cr; = 0. These meet in one invariant line 
which is also on K,: z,=—0. An arbitrary plane through O does not con- 
tain any pairs of conjugate lines, but all planes of the form zr, + maz, =0 
are invariant in J; the pencil of lines through O in any one of them is self- 
conjugate, a line of the pencil having for its conjugate another line of the 
pencil. 

By the involution, = 0 is transformed into 0. Every monoid 
meets a generator r of Un_, only at O. It meets the conjugate line 7’ at some 
point not O which varies with the monoid, so that to the point O on r cor- 
responds the entire line 7’, and the conjugate of O alone is in.—0. From 
equations (2), it is evident that the complete conjugate of O is pn_siina = 0. 

The intersection (Un-1, n-1) consists of n—1 lines (K,, un) and 


pairs of conjugates. Since every line of is para-— 


sitic, the conjugate of wn.—0 is a curve on wn; 0, which, since any 
plane meets wn-; in all its generators, must lie on all surfaces of the web (2). 
The cone Un+—0O meets Son1+) in (n—1)(2n—8) lines apart from 
(Ki, Un-1), the images of which are (n—1)(2n—3) points in a plane. 
The basis curve is therefore of order (n —1)(2n— 8); call it ycn1y¢2n-3) 


have 
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The points of y which correspond to the (n—1)(n—2) conjugate lines 
(tn-15 are all at O, since to a generator of = 0 corresponds a direc- 
tion through O; (n—1)(n—2) lines (pn-2, Un-1) also correspond to direc- 
tions through O; hence y has O to multiplicity 2(n —1)(n—2). 

The lines (Ki, Un-1) are at the same time invariant and parasitic. They 
lie on t%n-1, So that each of them meets y in one point not at O. An arbitrary 
plane + meets any one of these lines in a point P. Since this joint is on K, 
the monoid of the web | sxn1) | corresponding to + passes through P. It 
also passes through y which is basis for the web; hence this generator has 
2n— 3 intersections with the monoid at O, 1 on y, and 1 at P, a total of 
2n—1. The generator lies entirely on this arbitrary monoid, and is there- 
fore basis for the web. A similar proof holds for all the lines (K,, wn-1). 

The variable curve Cein-1), conjugate of an arbitrary c, in J, has O to 
multiplicity 2 — 3, for since a straight line meets a plane through O in one 
point, the corresponding plane through O meets C2:n_1) in one variable point. 
Con-1) Meets Bnin-2) in n—2 points apart from O, for it meets in this 
number apart from QO, and since C2:n-1) is the intersection of two Se¢n_1) which 
have their entire intersection with pn_. fixed, the n —2 points must lie on 
basis elements. An arbitrary line does not meet jn-2 in any of the (n—2)? 
basis lines; therefore the points of intersection of Con-1) and Pn-2 lie on 
Bnn-2). Since a line meets Un, in m—1 points, Cocn1) MeetS yn-1) 2n-3) 
in n—1 points, and finally, since a line meets a plane on one point, Co¢n-1) 
meets any monoid of the web 


Secn-1) | in one variable point. 


11. Double curve. The intersection (s,, Secn1)) is composed of the 
line (s,, K,) and a residual 8n-3, the image of which is the double curve on 


n(n —1) 
2 


S’ons This double curve is of order and genus (n—2)(n—83). 


The fundamental elements 232", are of orders n—1, 2n 
and 2n?— 5n -+ 2 respectively. 

This case, where the monoidal involution is compounded with the har- 
monic homology, was thought by Martinetti to be the only possible non-per- 
spective monoidal involution.* 


III. The Monoidal Involution Compounded with the Geiser. 


12. The defining equations of this case are 


*V. Martinetti, “Sopra una classe di trasformazioni involutorie dello spazio,” 
Istituto Lombardo Rend., ser. 2, vol. 18 (1885), pp. 132-142. 
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= Dn-shi 2, 8. 


= Un-1%4 + Un 


(3) 


where pn-s, Un-1, aNd Un are all ternary in 2, 22, X3, and the ¢; —0 are cubic 
cones with 7 common generators OP,,- --, OP;, and vertex at (0001). 

The web of n-ics corresponding to the planes in (2’) space has as basig 
elements; O"-1, 7 points P; lying simply on each ¢; and on Un_1%, + Un = 0, 
and the curve Bnn-s3) which is the intersection (pn-3, Un1% + Un). 


13. Discussion of the ternary transformation. 
== t==1, 2, 3. 


The basis elements are the 7 lines OP;; call them h;. This is recog- 
nized as the Geiser transformation in the bundle. The images of the 7 basis 
lines in (x) are 7 planes in (2’). 

A plane zw in (x) through O cuts any cubic cone of the net in three 
generators; hence a plane in (2’) through O’ cuts the image of z in three 
lines. This image is therefore a rational cubic cone of (2’). 

L’ is a cone of order 4. The image of L’, is the surface of coincidences, 
counted twice; it is a sextic cone K, with the 7h; as double lines, and is the 
Jacobian of the net of ¢’s. 

Each of the 7 planes in (2’), images of the 7 basis lines, has for image 
in (x) the line h; and a nodal cubic cone y; : hi? Therefore the 7 planes 
are tangent to L’ wherever they meet it, the necessary and sufficient condi- 
tion for tangency to L’ being that the image of the locus shall be composite 
in (x) space. Since L’ is of order 4, the planes are bitangents to the cone. 
Each of the 7 planes cuts every other one in a line; the cone ¥; passes once 
through each of the 6 basis lines hy, (k 7%) and twice through h; because of 
the bitangency. 

Ss, corresponds to a cone G; in J. Gz has the 7h; as triple lines. The 
genus of G, is zero, the same as its conjugate plane in the involution. 

The Jacobian of the net | Gs | is composed of the 7 nodal eubic cones yi. 
It is of order 21, and contains the basis lines 8-fold. It will be referred to - 
as Jo.* 

14. Returning to the general transformation (3), we see that the 
planes of (2’) correspond to the surfaces of a web of monoids, vertex at 


*V. Snyder, “Conjugate Line Congruences Contained in a Bundle of Quadric 
Surfaces,” Trans. Amer. Math. Soc., vol. 11 (1910), pp. 371-387. 
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(0 0 0 1), with a fixed tangent cone. A line through 0’ corresponds to 
two lines through O. The two lines through O pierce a monoid of the web 
in two points corresponding to the one point in which the line of O’ meets 
the plane which is the image in (z’) of the monoid. 

Two monoids of the web intersect in a basis curve Bnin-s) : OY (9), 
and a variable curve Csn : 03-1), The following correspondences exist: 


Since C3n has O3-)), its projecting cone is a cubic, no generator of 
which meets ¢gn in more than one point. This cubic cone belongs to the 
net ||. The curve has no apparent double points and hence the genus of 
Czn is the genus of a non-singular cubic cone; p=1. This agrees with the 
Riemann-Roch theorem for a regular system. 

The order of L’ is therefore 4. It is the cone L’, associated with the 
Geiser transformation in the bundle, and the surface of coincidence is the 
corresponding cone K,. This can be proved by an argument identical with 
that given in Section IT. 


15. Images in (2’) of the fundamental elements of the web. The 
image of each point P; is a bitangent plane to L’,. To show that the image 
of P; = (y) is a plane, take the point (y; + «&;) and expand the expressions 
for x’; in powers of «. We obtain 


ODn-: 1 


and similar expressions for the other z’;. Divide by e and then let ¢ ap- 
proach zero. Eliminating é,, &, é, between the four expressions, we get a 
linear equation in 2’,, giving a plane as the image of Pj. 

Any point on h; except P; and O has for image in (2’) the point 0’; 
corresponding to each of these points on hi, there is a pencil of directions 
through O’, one direction corresponding to each plane of approach to the line. 
For a plane z through h; has as image in (2’) a bitangent plane of L’, cor- 
responding to P;, and a quadric cone. These intersect in two lines, one cor- 
responding to the line consecutive to h; in 7, the other to that intersection 
of + with y; which is not at hi, where y; is the nodal cubic cone already 
teferred to. As a point approaches h; along a line of z, the image point 
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approaches O’ on a line common to the bitangent plane and the quadric cone, 
This direction through O’ varies with the quadric, and hence with the plane 
a but always lies in the bitangent plane which is the image of Pj. 

The image in (2’) of Bnn-s) is a ruled surface. The curve Can meets 
Bncn-s) in 8(n—3) points apart from O’, so that a straight line in (2’) 
meets the image of Bnn-s) in 3(m—38) points. Any point of pn_s except 
basis points has O’ for image, so that a curve on pn-s corresponds to a cone 
of directions through O’; hence the ruled surface is a cone P’s(n_3). It will 
appear later that this surface is a component of the tangent cone to s’gn at 0’. 

A plane through O meets ¢gn in 3 variable points. Hence the s’sn which 
is the image of this plane meets a straight line of (2’) in three variable points, 
so that the image is composite. It consists of a fixed cone Qs n-1), image 
of O, and a variable cone Q’;. 

By reasoning identical with that given in Section II, the image of the 
tangent cone = 0 is known to be a curve £’nn-1), basis for all s’3n and 
lying on the fixed cone Q’s(n-1). The intersections of Pn_3=0, 
correspond to (n—1)(n—8) directions through 0’; & has O’ to multi- 
plicity (n—1)(n—3). Hence each generator of Q’s:n-1) meets & once 
apart from O’, and the genus of é is equal to that of the cone. As in the 
(n—2) (n—3) 

‘ 
double lines on Q’s(n-1) result from that number of pairs of conjugate lines 


previous case, this is equal to The (n—1)(4n—17) 


On Un-1. 


16. Equations of the involution. If we use the notation ¢’j, etc., to 
indicate the conjugate of ¢; in (7), we have 


(4) = t= 1, 2, 3. 


From the result of the Geiser transformation, we have 
Gi 2, 3. 

where Gj; is of order 8, and also 
= $1 (Gi) = did ar. 

Making these substitutions, and solving equations (4) for «’;, we find for 

the equations of the involution 

(5) 2’; = Pn-gn-1( Gi) Gi i= 2, 3. 

pn-3(Gi)Jar (tUn-1%4 Un) — Pn-3Un ( Gi). 
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It is of order 3(3n —1) ; the lines h; are basis of order 3n—1; the points 
P; are basis of order 38n. The tangent cone of the web of sssn-1) is fixed and 
composite, Pn-s(Gi)Jo1un-1—=0. Other basis elements are: 


The curve Bnn-3) = (Pn-s, Un-1%s + Un). 

The lines (pn-s, Pn-s(Gi)). Since these surfaces are conjugate in J, 
their lines of intersection must be either invariant, or conjugate lines. The 
intersection (Ke, Pn-s) gives 6(n—3) invariant lines; the remaining 
2(n — 3) (4n—15) are arranged in pairs of conjugates. 


The lines (pn-s, Jo1). 
The lines (Ke, Un-1), which are also on Un-1(Gi). 
The curve (Un-1 (Gi), Pn-3( Gi) J 21 (Un-1%4 + Un)— Pn-sUn (Gi) ). 


From this intersection must be subtracted the lines hi, and the lines (Ke, 
Un-1), both of which have been counted elsewhere. The residual intersection 
is of order 9(n —1)?. Call it yocn-1)% 

The total fixed intersection of two surfaces $3,3n-1) 18 as follows: 


The lines h; count for an intersection of order........ %(8n—1)? 
Lines consecutive to hi, due to tangency............-. 7(38n—1) 


The variable residual intersection is a curve of order 3(3n—1); it is the 
conjugate of a straight line. 


J, Un-1 n-3 [Un-1 ( Gi ) ] Pn-s ( Gi) J 21”. 


17%. Discussion of the involution. The conjugate of any plane s, 
through O is a cone Gs, meeting the plane in 8 lines. Six of them are the 
invariant intersections (s,, Ke); the remaining two are conjugate to each 
other. Hence every plane through O contains one and only one pair of 
conjugate lines. 

The cone tn1(Gi) 0, obtained by performing the involution on 
Un-1 = 0, is conjugate to O in IJ. The complete conjugate of O is seen from 
equations (5) to be pn-stn1(Gi) 0. The conjugate of wn, is a curve y, 
which is basis in J and lies on tn_,(Gi). Since the cone meets ¢gn_1) 
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in 9(n — 1)? lines, apart from the fundamental lines (Ke, un-,), the order of 
y is 9(n—1)?. It is the curve 


[Un-1( Gi), Pn-s( Gi) J 21 (Un-12s Un) Pn-gln( Gi) 


The points of y which are images of the 2(n—1)(4n—7) conjugate lines 
(Un-1, Un1(Gi)) are all at O; the intersections (Pn-3, Un.) also correspond 
to directions through 0; hence y has O to multiplicity (n —1)(9n—11), 
The 3(n—1) generators common to Un, and yi have for images 3(n —1) 
directions through P;; hence y has the 7 points P; to multiplicity 3(m—1), 

The argument of Section II shows that the lines (Ke, Un.) are basis 
in the involution. 


18. Let A be an arbitrary point on h; and let a line c, meet hy-at A. 
The point P; has for image in (2’) a plane bitangent to L’,. From the 
Geiser transformation it is known that the image in (2x) of this bitangent 
plane is a cubic cone y; with h; double and the 6h, (k ~7), simple. Hence 
the conjugate of P; in the involution is yi. Since the variable conjugate 
of any plane through O is a G, with hi® (= 1, 2,---, 7), the conjugate 
of the plane through c, and h; is a quintic cone Q; passing simply through h, 
and doubly through the 6/;. A line through O in this plane meets c, once, 
so that a generator of Q; meets ¢, the conjugate of c, once. The image of 
any point on yi, avoiding the basis lines, is Pi; yi and Q; have 14 lines of 
intersection along the basis lines; the fifteenth is a line 7 conjugate to g, the 
line through O consecutive to hy in the plane (¢,, hi). When the point 
generating c, passes through A, its conjugate describing ¢ will pass through 
A on g. Since every point on g except O is conjugate to P;, A must be at 0, 
that is, one branch of é at O has g for tangent. The line c, meets pn_gUn_1 (Gi) 
in 3(n—1) points at A, and in 6n—8 other points. The conjugate of 
each of these points is at O, hence é has O to multiplicity 6n— 7. Since 
it lies on Qs, its order is 2(83n—1). It has been seen that the order of hy 
in the involution is 3n —1, so that this result checks with the fact that the 
conjugate of an arbitrary line is of order 3(3n —1). 

This discussion shows that the conjugate of any point of h; is the entire 
line hy to multiplicity 3n—1. These lines, isolated parasitic lines for the 
(1, 2) correspondence, are fundamental of the second kind in the involu- 
tion.* It is also clear that each point on h; corresponds to oo* directions 


*D. Montesano: “Sulla teoria generale delle corrispondenze birazionali dello 
spazio,” Nota III, Lincei Rend., ser. 5, vol. 30 (1921), pp, 447-451. 
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through O on the cone y;. There is a (1, 1) correspondence between these 
directions and the pencil of planes through hi. 


19. The complete conjugate of a plane through O is a cone of order 
3(8n—1), having each h; to multiplicity 3n. The monoids of (5) con- 
tain these lines to multiplicity 3n——1. Since the intersection of two monoids 
can always be reduced to the intersection of a cone and a monoid, h; must be 
of multiplicity 3n(3n—41) in the intersection, so that along each h; there 
are 3n — 1 consecutive lines common to all monoids of the web. The 3n—1 
planes tangent to all monoids along /; are those of the fixed tangent cone 
of the web, pn-s(Gi)Joitn1—0. The cone wn_, does not contain hi, but 
pn-s(Gi) has hi-®, thus determining 3(n — 3) fixed tangent planes along 
hi, and the other 8 are given by Jo, 2 by yi, and 1 by each of the 6yx. 
Hence the fixed tangent cone of the web (5) is not only tangent to all sur- 
faces of the web at O, but is also tangent to the 3n—1 branches of every 
surface along each of the 7 lines hj. 

The variable curve ¢s3n-1), conjugate of an arbitrary c,, has O to multi- 
plicity 9n— 11, for since a straight line meets a G; in 8 points, the cor- 
responding Cs:sn-1) meets a plane through O in 8 variable points. All tan- 
gents to the curve at O lie on the same fixed cone. The curve passes through 
each of the 7P; to multiplicity 3, since a line meets ¥; in 3 points; it meets 
Yocn-1)? in n—1 points, and meets Bncn-s) in 8(n—3) points apart from 0. 
For it meets pn; in 8(n—3) points and since it is the intersection of two 
Ss(sn-1) Which have their entire intersection with pn, fixed, the 8(n— 3) 
points must lie on basis elements. An arbitrary line will not meet pn_3(Gi) 
in any of the 8(n— 3)? lines (pn-s, Pn-s(Gi)), neither will it pass through 
any of the 7 basis points whose images are the 7 nodal cubics composing J»; 
hence the points of intersection of ¢s:sn-1) aNd pn-3 avoid the lines (ns, 
Pn-s(Gi)) and (pn-s, Jo1), and must lie on Bnn_s). Finally, the curve 
Csgn-1) Meets any monoid of the web | Ss:sn-1) | in one variable point. 


20. Double Curve. The intersection (81, S3:sn-1)) is composed of 
(s,, Ke) and a residual 8n-1). Since has and Ke has 
8on-1) has points The plane s, intersects Bnin_s) in n(n— 3) 
points which are on Ss;sn-1), and therefore on Bgin-1). The curves (s;, Ke) and 
8on-1) intersect in 12(n—1) points apart from 7H;. These points have 
images on L’, which are branch points of the image of 89¢n-1) in (2’), a double 
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Cut Socn-1) by an arbitrary s, of the web (3). The plane of 3 meets g, 
in a curve ¢, through n(n —3) points of Bnin-s) and therefore meets in 
2n(4n—3) other points, arranged in pairs of conjugates, which are images 
of n(4n—3) points in which a plane of (2’) meets 8, the double curve, 
The order of 8 is therefore n(4n — 3). 

The genus of Socn-1) is —21n +13. To find the genus of 
apply Zeuthen’s formula »— 7’ = 2a(p’—1) —2B(p—1); 7»=0, 
12(n—1),a=—2, B=1, p= 9n?— 21n+ 13. Solving for p’, we find for 
(3n — 4) (8n — 5) 

5 


the genus of 8 the value 


21. Fundamental elements extraneous in the involution. Consider a plane 


3 
> = 0 through O. Its image in (2’) is a fixed Q’s¢n1) and a variable 
1 


3 
Q’;; its conjugate in I is pn-gUni1(Gi) SaiGi—0. If the values (3) for 
1 


are substituted in Q’scn-1) Q’s, p is a factor of the resulting 
equation. Hence p%"1 is extraneous in J. In addition the transformed 
Q’s(n-1), Which is now of order 9n—11, has lost a factor of order n—1, 
This factor represents the cone un, the common tangent cone of the web 
|s,|. This is evident when it is recalled that every s’zn, and for composite 
8’3n the fixed Q’s.n-1), passes through £’nn-1), the image of wn_, in (2’). 

Since these components are extraneous for an arbitrary s’3n, they are 
extraneous for every s’sn. This fact may be used in investigating the gen- 
eral 8’3n. 


4 
Given a plane Saiz; in (x). Its image in (2’) is a certain 8’gn; 
1 


its conjugate in the involution is 
(Gs) + (Gs) Tor + Un)— Pn-sttn (Gs) ] =0 
Pn-sh2, + Un) = 
Pn-sUn-1 ave [ Pn-sUn_1 (Gi) + ay {pn-s(Gi) Tar ° 


+ Un) — Pn-sn (Gi) }] 


The highest power of x, on the right hand side of this equation is z,2. Since 
x, enters only in the expression for z’,, and there linearly s’;, must have 2’ 
as highest power of 2’,, so that O’ is a point of multiplicity 3n-—2. Hence 
we may write: 


(6) 
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The same result can be obtained geometrically. Any line 7 of the 
bundle O’ has two image lines r; and rz in (x). They intersect a plane s; 
in two points A, Az, which are not conjugate, and hence have two distinct 
image points on 1’, A’,, and A’, The two images of A’, are conjugates in I; 
one is on 7, and s,, the other on r. and Sg:3n-1). The same is true for A’. 
Since every line of the bundle O meets s, in only one point, 7’ can have but 
one pair of points on s’sn, and therefore s’3n, has O’3"-2. 

To determine the tangent cone of s’3n, equate the coefficients of x*, in 
the two expressions for 8’3n. 


sn-2( Pn-s15 Pn-she, ) = (Gi) S21 
sn-2() sPn-3Pn-3 (G1) J 2i- 


The tangent cone of s’gn is therefore fixed. Its components are the 7 bi- 
tangent planes corresponding to J2:, and the cone R’3:n-3), the image in (2’) 
of Bncn-s), Since the image in (x) of R’s¢n-3) 18 Pn-sPn-s (Gi). 

This case for the particular value n = 3, has already been treated.* 


IV. The Monoidal Involution Compounded with the Bertini. 


22. The transformation in this case is based on the ternary involutorial 
transformation given by a net of sextic cones with 8 double lines OP;,-- -, 
OP;, and 2 simple lines OP’ and OP”. 

The ternary type was first studied by Bertini.f Through 8 arbitrary 
lines OP,, - - +, OP; there are oo sextic cones which have these for double 
lines. If the condition is imposed that cones of the system pass through a 
line OP’, it is found that every cone of the net thus obtained passes through 
another fixed line OP”. The expression for this line has been derived. 
The (1, 2) correspondence between the lines of (O’) in (2’) and (OQ) in (2) 
is given by the equations 


(7) x’, = ¢*, = oy, = 


*C. Moffa, “Su alcune corrispondenze birazionali involutorie dello spazio dotate 
di un sistema lineare di dimensione tre di superficie del terzo ordine unite,” Naples, 
1923, Unione Tipografica Combattenti. 

+ E. Bertini: “Ricerche sulle trasformazioni univoche involutorie nel piano,” An- 
nali di Mat., ser. 2, Vol. 8 (1877), pp. 244-286. 

tV. Snyder, “The Involutorial Birational Transformation of the Plane, of Order 
17,” Amer. Journ. Math., vol. 33 (1911), pp. 327-336. 


ets 
Sn in 
1ages 
UT Ve, | 
4n-3)) 
, 
| 
1 for 
q 
are 
en- | 
ce 


196 Torrey: Classification of Monoidal Involutions 


in which ¢ = 0, y = 0 are cubic cones through OP;,- --, OP; and f ~0 ig 
a proper sextic cone having these lines double. 

These three sextic cones have as basis lines OP?,, ---, OP?s, and ip 
addition the other two lines common to f and ¢, which will be called OP’ 
and OP’. In other words, we consider a net contained in the triply infinite 
system of Bertini sextics. 

The locus of coincidence points is a cone of order 9, whose equation is 


0($yf) 
8 0. 
(8) 0( 
This K, has OP*,,---, OP*;. The order of the surface of branch points 
L’ is 6.* It has three branches with a common tangent plane. 
The image in (zx) of any plane through O’ is 


ag? + + asf = 0. 


The image in (z’) of a plane through 0 is also a sextic cone, which is rational, 
since its generators have a (1, 1) correspondence with the pencil of lines 
in the plane through O. Noether showed that these sextics of (2’) form an 
co? quadratic system, and that they have three branches through the line 
x’, = 2’, = 0 with the common tangent plane 2’, = 0. 

Since to a line of (2’) through O’ corresponds a pair of lines of O, an 
involution is established between the lines of O. The conjugate of a plane 
in this involution is known to be a cone of order 17, having each line OP; 
six-fold. Call this cone B,;. 

The conjugates of the lines OP; in I are sextic cones oi, such that o; 
has and OP,? (k +41). These eight cones form the Jacobian of 
the net | B,;|. Each of the lines OP’ and OP” is the conjugate of the other 
in I. They do not lie on Kg, nor are they basis for the net of cones | By; |. 


23. Images in (2z’) of the basis lines. If (2, 22, x;) are the line co- 
ordinates of OP;, consider a neighboring line (2; + «&), and expand the 
expressions for 2’;, x2, x’, along this line in powers of «. Since ¢?, dy, f, 
and their first derivatives vanish along OP;, the expansions begin with é. 


Divide by e*, eliminate the parameters ¢,, é, €;, and there results for the - 


image of OP; a quadric cone q’; of (2’). 
These 8 quadric cones, q’s, are components of 8 adjoint cubics 


of L’., the other component being the plane 2’;—0. Since the cubic 


* A. Wiman, “Zur Theorie der endlichen Gruppen von birationalen Transforma- 
tionen in der Ebene,” Math. Annalen, vol. 48 (1896), pp. 195-240. 
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adjoints have a tacnodal line at 2’; =<’, —0, the quadrics are tangent to 
a’, = 0 along this line. Their equations are of the form 


+b + =0. 


The image of q’; in (x) is composed of OP; and the sextic cone o;; hence 
the quadrics must be tangent to L’, along all lines of intersection. Six inter- 
sections are at 2’, = 2’, = 0; each q’; is tangent to LD’, along three other lines. 

If a similar expansion is carried out for the lines OP’ and OP”’, in both 
cases the equations reduce to 2’, 0. This plane, image in (2’) of OP’ 
and OP’’, has all its intersections with L’, along the line x’; = x’, = 0. 

One other line must be considered, OC, the ninth intersection of ¢ and y. 
Since ¢ and y are both invariant,.this line is invariant. It-does not lie on Ky 
and is therefore an isolated invariant line.* 

24. Now consider the general space transformation of degree n, defined 
by the equations 


= 
(9) = 
= Pn-cf 


= + Un 


where Pn-¢, Un-1, Un, are all ternary in 2, 2, Zs, and ¢*, py, f, are the cones 
described above. As in previous cases, these equations define a (1, 2) cor- 
respondence between points of (2’) and (2). 

The basis elements are the 8 simple points P;, - - -, Ps, the points P’ 
and P” also simple, O”-1, and a basis curve Brine) : (n-6) the intersec- 
tion (Pn-e, Un-1%4 + Un). The variable part of the curve of intersection of two 
n-ics of the web is cen : O81), This curve lies on a sextic cone belonging to 
the net (7). Hence p= 2 for the curve cen, and the order of the surface of 
branch points L’ is 6. This given another illustration of the violation of the 
Riemann-Roch theorem. 

By reasoning identical with that used in the preceding cases, L’; is seen 
to be the cone appearing in the ternary transformation, and the surface of 
coincidences is the cone OP,?--- OP,'. 


The correspondence between the two spaces is: 


Sym Sens Cr C1—™ Con. 


*M. Halphen, “Sur les courbes planes du sixiéme degré & neuf points doubles,” 
Bull. Société Math., vol. 10 (1882), pp. 162-172. 
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25. Images in (z’) of the fundamental elemenits of (x). The points P, 
are double on. the surfaces representing 2z’;, x2, in equations (9), but 
simple on the monoid representing x’,. If we expand these equations at a 
point in the neighborhood of P;, in general the resulting image is the point 0’, 
But all monoids of the web (9) have a common tangent plane at Pi, the 
plane tangent to Un+:%-—+ Un =O at this point. If P; is approached on a 
line lying in this plane, the coefficient of « in the expansion of 2’, vanishes, 
Proceeding as we did in the ternary case, we obtain at once the equation of 
q’i, the quadric cone already mentioned. Hence the images of the 8 points P; 
are the 8 quadric cones q’;. Every point on OP; except O and P; has for 
image the point O’; to the oo! planes of approach to the line OP;, correspond 
directions through O’ on 

Similarly the image of the points P’ and P” is the plane x’, —0. Each 
point of OP’ and OP” has O’ as image and there is a (1, 1) correspondence 
between the pencil of planes through OP’ (or OP’’) and the pencil of lines 
through O’ in z’, = 0. 

The image of the curve Bnn-s) 18 a cone R’gin-6). The equation of 
R’ecn-e) may be obtained by performing the ternary transformation upon the 
equation of the cone Pn-«. 

The image of the point O is a fixed cone Q’en-1), since the image of any 
plane through O is composed of a variable cone Qs, and a fixed cone which 
must be of order 6(n —1). 

The image of the tangent cone wn_, is a curve éncn-1), Which lies on every 
s’en, and in particular, on the fixed cone Q’gn-1). §& has O’ to multiplicity 
(n—1)(n—6). As was previously shown, the genus of é is equal to 


e—*) beable , and this is also the genus of Q’ecn-1). Hence this cone has 
double lines, of which 3(n—1)(3n—4) coincide at 
2’, = 2’, = 0, and result from pairs of conjugate lines 
ON 


26. Equations of the involution. From the result of the Bertini ternary - 


transformation, we have 

2’; = B; (2) t= 1, 2, 3. 
where B; is of order 17, and also 
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where Js is composed of the 8 sextic cones oi, conjugates of P,,---, Ps in J, 
and enters to the second power since each P; is double on ¢?, ¢y, and f. 
Using these results and solving in the usual way, we find the involution is 
defined by the equations 


(10) = Pn-on-1(Bi)Bi 1, 2, 3. 
(Bi) I 745 + Un) Pn-cln(B;). 


The order of the involution is 6(3n — 1) ; its Jacobian is 
J, = Un-1pn-6( Bi) p®n-6[ (Bi 45. 


The surfaces S¢cgn-1) have P;, Ps to multiplicity 6n—41, and the 
lines OP;,- + +, OP, to multiplicity 6n—2. P’ and P” are not basis in J. 
Other basis elements are: the curve Bnn-s); the lines (pn¢, Pn-c(Bi)), of 
which 9(n—6) are invariant, and (n—6)(17n—111) are arranged in 
pairs of conjugates; the lines (Ko, Un-1); the lines (J4s, pn-¢6) which are 
counted twice; the curve of intersection 


(Bi), (Bi) F745 + Un) Pn-clln( Bi) ], 


which after subtraction of the lines OP; and the lines (Ko, un.) is of order 
3(n — 1) (6m — 5) ; call it con-s)- 

Now count the fixed elements of the intersection of two surfaces of the 
web | Secsn-1) |. In this case, there are 2(6n— 2) lines consecutive to each 
OP; which must be counted in the intersection. The total fixed intersection 
is of order 36(3n —1)?—6(3n—1), so that the variable residual is a 


CUIVE Ce 


2%. Discussion of the involution. The conjugate of a plane s, through 
0 is a cone B,;, meeting the plane in 17 lines through O. Nine of these lines 
are the intersection (s,, Ky); the remaining 8 are arranged in pairs of con- 
jugates. Hence every plane through O contains 4 pairs of conjugate lines. 

As in previous cases, the conjugate of O in J is the composite cone 
Pn-eln-1(Bi) =0. The conjugate of the cone is @ CUTVe 
2(n-1)(9n-16) | This curve lies on the cone wn1(Bi), and has each point P; 
to multiplicity 6(m—1). It is basis for all surfaces S¢;sn-1). 

Let A be an arbitrary point on OP; and let a line c, meet OP; at A. 
The conjugate of P; in I is known to be a sextic cone o; having OP; triple, 
and each OP; (k 1%) double. The variable conjugate of any plane through 
0 is a cone of order 17 with OP; sextuple; hence the conjugate of the plane 
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a through ¢, and OP; is a cone Q,, passing fourfold through OP, (k 4i) 
and triply through OP;. Since an arbitrary line through O meets c, only one, 
an unrestricted generator of @,, meets ¢, the conjugate of c,, once apart 
from 0. The image of any point on oj, avoiding basis lines, is P;; o; and 
Q1: intersect in 65 lines along basis lines and in a line g, conjugate to g, 
which is the line through O consecutive to OP; in the given plane. When 
the point generating c, passes through A, its conjugate describing ¢ passes 
through A on g, and since every point on g except O is conjugate to P,, A is 
at O, that is, one branch of ¢ at O has g for tangent. c, meets the cone 
Pn-cln1(Bi) in 12n—1% variable points, which correspond to directions 
through O, in all, 12n—416 passages through O on ¢. But ¢ is of order 
12n — 4, since c, meets a surface of the web | Secsn-1) | in 12n—4 variable 
points. Hence é has an additional passage through O, giving O to multi- 
plicity 12n—15. The additional branch through O is also tangent to j, 
For belonging to the net of Bertini sextics, there is a pencil | ¢| all cones 
of which are tangent to the plane z at OP;, and hence pass through g. Con- 
sider the line c, as the limiting position of an arbitrary line c’ not intersecting 
OP;; c’ has 18n — 23 intersections with pn-¢Un-1(Bi), corresponding to diree- 
tions through O on its conjugate. It has also two intersections with any ¢ 
of the pencil which approach coincidence at A as c’ approaches c,. Also of 
the 18n — 23 intersections with pn-eUn-1(Bi), 6(n— 1) approach coincidence 
at A. The latter correspond in the limit to the intersection (oi, Un.) and 
do not concern the proper image. The two points on ¢, however, are on a 


self-conjugate surface; hence their conjugates must lie on ¢, oi, and Qu, that 


is on g. This shows that OP; plays a special role in the plane 7; it is the 
only line whose conjugate meets the curve ¢ in more than one point apart 
from O. 

Just as in the case of the Geiser transformation, these lines OP, are 
fundamental of the second kind. 

The complete conjugate of a plane through O is a cone having each OP; 
to multiplicity 6n; a monoid of the web (10), however, contains these lines 
6n—2 fold. Since the intersection of two monoids can be reduced to the 


intersection of a cone and a monoid, these lines enter to multiplicity. 


6n(6n—2) in the intersection, and hence 2(6n—2) lines result from 
tangency. Of the tangent planes along these lines, 34 are given by J%qs, 
and 6(n—6) by pn-e(Bi). Each plane tangent to J.4, along OP; has two 
branches of the surface tangent to it, and each branch of the cone pn-e(Bi) 
through OP; has two consecutive lines common to all surfaces of the web 


| S6(3n-1) |. 
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By methods identical with those used in the preceding cases, it is found 
that the variable curve Cesn-1) has O to multiplicity 18n — 23, each P; to 
multiplicity 6, meets ysn-1)(6n-s) in n —1 points apart from O, meets Bnin-s) 
in 17(n — 6) points apart from O, and meets any monoid of the web | Secam-1) | 
in one variable point. All tangents to the curve at O lie on the same fixed 


cone. 


28. Double curve. The double curve is the image of the plane curve 
§scen-s). Applying the methods of the preceding sections, its order is found 
n(1%n — 9) 

2 

The fundamental elements extraneous in the involution are: p&™ 

$°", Un+. This result gives for the tangent cone w’gn_2 of the surface s’gn, the 


to be , and its genus 3(3n— 4)(n—1). 


composite cone whose equation is 


8 
TI qi? PR’ = 9. 
i=1 


V. The Monoidal Involution Compounded with the Perspective Jonquieres. 


29. Given a pencil of planes through OP, where O is the point (0001) 
and P is (0010), 
x, + kr, = 0 


and a pencil of cones of order m, 


gm + = 0 


where ¢m has OP to multiplicity m—2, and wm. has OP to multiplicity 
m— 38. Through any line of O passes one plane of the first pencil and one 
cone of the second pencil; these intersect in a second line, not OP, which is 
the conjugate of the first in J. 

Consider two spaces and (2’). The equations 


— = 0 
define a (1, 2) correspondence between the lines of O’ and 0. The trans- 
formation is given by the equations 
: = 
(11) = 
= dm 
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and the image in (x) of any plane of (z’) through 0” is 


+ brow + ch = 0. 


The basis lines are: OP to multiplicity m — 2, and the 4m — 6 lines of inter. 
section of y and ¢ as simple lines. 

By using the fact that K is a component of the Jacobian of the net (11), 
its equation is found to be 


(12) — = 0 


where the-subscripts indicate partial differentiation. It is of order 2m—2 
with OP to multiplicity 2m — 4, and the 4m —6 simple basis lines O8;. 

An involution of rays through O exists in every plane through OP, its 
two intersections with Kom-. being the double lines of the involution. The 
order of the involution is 2m— 2; a plane through O has for conjugate a 
cone Jom-s. 

The fact that the involution is of the same order as the coincidence 
cone is sufficient to show that it is a perspective Jonquiéres. The properties 
can also be derived directly.* 

The conjugate of OP in I is a cone of order 2m— 3, say Com.3. It 
has OP to multiplicity 2m — 4, passes through the 4m — 6 lines OS;, and 
is the first polar of Kom-. with respect to OP. The plane through OP and 
any line OS; is tangent to Kom-2. Every line of such a plane is conjugate 
to OS;, and since every plane through O meets each of these tangent planes 
in a line, every Jom-2 passes through OS;, which is therefore basis in I. The |. 
J net is defined as follows: Jom-2: OP?™3; OS, OSam-c. 

Any plane through O meets Kom-2 in 2m—2 lines which must also lie 
on its conjugate Jom-2. Since this is the total number of lines in which the 
plane meets Jom-2, the class of the involution is zero. 


30. Discussion of the fundamental elements of (z’). A plane of (2) 
through O corresponds to a rational cone of order m in (2’), Q’m. 

Every generator of wm_, has for image in (2’) the line O’P’, 2’; = 2’, =0. 
This line is basis of order m —1.for the cones Q’m, and it is the only funda- 
mental line in (2’). 

L’ is of order 2m — 2; the generators of L’ and K are in (1, 1) cor- 
respondence. Since K meets wm-1 in 2m—4 lines apart from basis lines, 
L’ has O’P’ to multiplicity 2m — 4. 


*P. Boyd, “On the Perspective Jonquiéres Involutions Associated with the (2, 1) 
Ternary Correspondence,” Amer. Journ. Math., vol. 34 (1912), pp. 291-324. 
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The 4m—6 lines OS; correspond to 4m—6 fundamental planes in 
(2’), all of which pass through O’P’, and have one line of contact with L’. 
This accounts for all tangent planes which can be drawn through O’P’ to L’. 

The image in (z’) of the line OP is a cone C’m_, : O’P’™-8. The image 
of a plane through OP is a plane through O’P’, counted twice, since the order 
of the image is 2. 

The intersection of Z’ and any cone Q’m, apart from O’P’, consists of 
9m — 2 lines of contact. The fundamental cone C’m_. touches L’ in 2m —4 


lines 
31. The general transformation is given by the equations 


Pn-m21Wm-1 
(13) = 

Pn-mm 

= + Un 


where Pnm, Un-1, Un are ternary in 2, %2, Y3, and Wm-1, dm, are the cones 
already discussed. 

The basis elements are: O*-1, the simple point P= (0010), 4m—6 
simple points Si, and the curve Bncn-m) which is the intersection (pn_m, 
Un-1%, + Un), and has O to multiplicity (n—1)(n—m). The variable 
curve of intersection of two surfaces of the web (13) is a curve Cmn : Om"), 
pm-2, lying on a cone of the net (11). The genus of Cmn is m— 2; hence 
the order L’ is 2m—2. It is the cone already considered, and as before 
the locus K is given by equation (12). As in the Bertini case, the Riemann- 
Roch theorem does not hold. 

The correspondence is therefore: 


32. Images in (2’) of fundamental elements of (z). Any plane 
through O meets Cmn in m points apart from O. Hence a line of (2’) meets 
the image of the plane in m points. This image is a cone @Q’m and the 
image of O is a fixed cone Q’min-1). If in addition the plane through O 
passes through P, the image is a single plane, counted twice, passing through 
0’P’; hence the image of P is a cone of order m— 2, C’m2. This cone has 
the line O’P’ to multiplicity m — 3, for the image of O’P’ in (x) is known 
to be Wm-1 : OP-3, 

If a plane of (x) passes through OP and a point Sj, it is one of the 
4m —6 tangent planes to Kom-2. As before, the complete image in (2’) is 
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composed of Q’min-1), C’m-2, and a tangent plane through O’P’ to L’ counted 
twice, once on account of the tangent plane to Kom-2, and once as the image 
of Si. 

All points on the lines OS; and OP have their images at O’, and there 
is a (1, 1) correspondence between the planes through OS; and the pencil of 
rays through O’ in the image plane of S;; also between the planes through 
OP and the «1 generators of the cone C’m_». 

The image of Bncn-m) is a cone R’mn-m) which has O’P’ to multiplicity 
(m—1)(n—m). 

The image of the tangent cone wn»; is a curve £nn-1), with O to multi- 
plicity (n—1)(n—~m) and P to multiplicity (m—1)(n—1). & is 
basis or every surface s’mn, and in particular lies on the fixed cone Q’min-1), 
no generator of which can meet ¢ in more than one point. Hence Q’mn-1) 
contains O’P’ to multiplicity (m—1)(n—1). The genus of Q’mcn1) is 
(n— 2) (n—3) 

2 
from pairs of conjugates on wn, and 


others at O’P’. 


> it has (m—1)(n—1)(n—2) double lines resulting 


(mn — m + 1) (mn — m—n). 
2 


33. Equations of the involution. From the ternary transformation we 
know that 


m-2 


and similar expressions for 2’2Y/m1., and ¢m, where 7 is composed of the 


4m —6 fundamental planes and Com, is the fundamental cone, conjugate 
of P. Solving in the usual way, we obtain 


(14) = i= 2, 
= Pn-m (Fi) + Un )— Pn-mUn (Ji). 


The involution is of order 2mn—m—vn. All surfaces of the web (14) have 
O to multiplicity 2mn — m —n—1, P to multiplicity 2mn — 3n — m + 3, 
and each S; to multiplicity n. The line OP.has multiplicity 2mn—3n—m-2, 
and each line OS; has multiplicity n —1.Two monoids intersect in n —1 
additional lines along each line OS; because of tangency, and in (m—2) 
(2mn — 3n — m + 2) additional lines along OP for the same reason. 

Other basis elements enter as in the preceding cases. They are: the 
curve Bncn-m), lines (Pnm, Pn-m(-Ji)), lines (pn-m, T'sm-6), lines (Pn-m; C23. 
lines (Kom-2, Un-1) and a curve y of order (n—1)(2mn—3m—n-+ 2). 
The residual intersection, conjugate of a line of (x), is a curve Comn-m-n- 
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34. Discussion of the involution. The conjugate of a plane through O 
js a cone of order 2m—2. The plane and cone meet in 2m— 2 lines, all 
of which are invariant, since K is of order 2m—2. Hence the class of the 
involution is zero. If the plane passes through OP, it contains two invariant 
lines, and all other lines in the plane are arranged in pairs of conjugates. 
The conjugate of such a plane is itself, together with the cone Com_3; which 
is the conjugate of P in the involution. 

Consider any line c, in a plane z through OP, intersecting OP at A. 
Since the conjugate of this plane is itself, the conjugate of c, is a plane 
curve Gc, meets a surface of the web | Somn-m-n | in 2n—2 variable points ; 
this is the order of €. An arbitrary line of the pencil O meets c, once, and 
hence meets € once apart from O. Let g be the line conjugate to g, where g 
is consecutive to OP in xz; g lies on Com-s;. All other intersections of 7 and 
Com-s are at OP. Consider the pencil of cones of the net (11) which passes 
through g and g, and let c, be the limiting position of a line c’ which does 
not meet OP. c’ intersects the cones of this pencil in m—2 points which. 
approach coincidence at A. The conjugate of c’ has 2mn—3m—n-- 2 
passages through O, given by the intersections of c’ with pn-mUn-+(Ji); of 
these intersections 2mn — 2m — 3n -+ 3 approach coincidence at A. In the 
limit, the conjugates of these latter points lie on wn, and Com_3; they are 
extraneous for the proper image of c;. The conjugates of m—2 points, 
however, which lie on a self conjugate cone, must be on the same cone, on 7z, 
and on C2m-3, that is they must lie on g. But the conjugate of every point 
on g except O is at P; hence ¢ has m—2 passages through O at g, and 
2n — m —1 others, a total of 2n— 3. As in the Bertini case, the line OP 
plays a special role in the plane; it is the only line whose conjugate meets 
é in more than one point apart from 0. 

If we carry through a similar procedure with a line c, lying in any plane 
x through O8;, there is no difficulty in showing that the conjugate curve 
é lies on a-cone Qom-3, each generator of which meets ¢ once. é has O to 
multiplicity 2mn — 2n — 3m + 4, because of 2mn— 2n— 3m + 3 variable 
intersections of ¢c, With PnmUn-1(Ji), and one additional passage on g, the 
conjugate of the line g consecutive to OS; in ~. The order of € is 
2mn — 2n +1. 

The lines OP and OS; are fundamental of the second kind in J. The 
conjugate of any point on OP is the line OP to multiplicity 2mn—3n—m-2, 
and the conjugate of any point on OS; is OS; to multiplicity n — 1. 

The conjugate of O in J is the composite cone Pn-mUn-1(Ji) =0. The 
conjugate of wn-1 is the curve y basis for the web | Somn-m-n|. It lies on 
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Un-1(Ji), each generator of which meets it in one point apart from O, has P 
to multiplicity 2mn — 2m — 3n + 3, and each S; to multiplicity n —1, 

It has already been noted that there are n—41 intersections of two 
monoids of the web (14) along each line OS; due to tangency, and (m—2) 
(2mn —m—3n-+2) along OP for the same reason. Along each 
n—m of the consecutive lines lie in the tangent planes to pnm(Ji), one is 
in the plane OPS; and m—2 in the tangent plane to Com_s, taken m—Q 
times. Along OP, tangency is more complicated. Each branch of Com-s con- 
tains m— 2 lines common to all Somn-m-n, and since Com-; enters to multi- 
plicity m—2, each branch must be counted that number of times. Each 
plane OPS; has m — 2 lines consecutive to OP which are common to all the 
monoids of J. Finally, each of the (2m—3)(n—m) branches of pn-m (Ji) 
has m — 2 lines consecutive to OP and common to the monoids of J. This 
accounts for all intersections due to contact. 

The variable curve Comn-m-n, conjugate of a line of (x), has O to multi- 
plicity 2mn — 3m — n + 2, P to multiplicity 2m — 3, and each S; as simple 
point. It meets y in n—1 points apart from O, and meets any monoid of 
the web in one variable point. All tangents to the curve at O lie on a fixed 


cone. 


35. Double curve. The intersection (81, Somn-m-n) is composed of 


(Si, Kom-2) and a residual Somn-sm-nso. The image of 8 in (2’) is a double 


curve & of order n(n—1)(m—1). By applying Zeuthen’s formula as in 
—3) (2mn—2m—n). 
previous cases, the genus of 8’ may be calculated. It is tnd > = 


Every surface s’m» has O’P’ as a multiple line of order n(m —1), for it 
may be shown algebraically that a line through P’ meets s’mn in n variable 
points. Since the image of O’P’ is Wm-1, every S’mn on transformation has an 
extraneous factor yx"). As in previous cases, Un. and p™? are also 
extraneous. The remaining component is of order 2mn—m—n-+ 1, con- 
sisting of a plane of (x) and its conjugate Somn-m-n. 

The tangent cone to 8’mn at O” is of order mn—2. It consists of 
Ren (n-m)s , and 4m —6 planes, images of the 4m —6 points Si. 


= 


Self-Projective Rational Septimics. 
By R. M. WINGER. 


§1. Introduction. 


In two former papers * the different species of self-projective rational 
curves as far as the sixth order were obtained. According to the criterion 
of classification adopted, there were found two species of cubics, eight of 
quartics, twelve of quintics and twenty-six of sextics. 

The notation and nomenclature of the earlier papers are retained as far 
as possible-—in particular type is employed in the sense defined in the second 
paper (§1). We first seek the types of rational septimics, then describe 
those properties which the method so readily reveals. A major objective is 
the analysis of the higher singularities which occur in great variety and 
considerable complexity. For one of the most interesting features of the 
study of self-projective curves is to see how the singularities adjust them- 
selves to the demands of the groups. The possibility of such adjustment is 
of course an important factor in the existence of curves associated with any 
group while the number of species depends on the variety of ways in which 
the adjustment can be effected. 

Since rational curves occur in conjugate pairs,t to every self-projective 
plane rational curve p”, m > 5, corresponds a self-projective rational curve 
p™ in a space Sm_3 of m— 3 dimensions. And a classification of plane curves 
implies a classification of conjugate curves. The equations of the latter can 
be written down at once since sections by Sm_,’s of the curve in Sm_s are 
simply sets in the fundamental involution of the plane curve. Reciprocally, 
the line sections of the plane curve are sets in the fundamental involution of 
the conjugate. For example we have as a pair of conjugate septimics admit- 
ting a dihedral G,,,—one in the plane and the other in S,: 


Lo = = t, +1, 


* “ Self-Projective Rational Curves of the Fourth and Fifth Orders,” American 
Journal of Mathematics, January, 1914 (referred to in this paper as Q); and “ Self- 
Projective Rational Sextics,” Ibid., January, 1916, referred to as S. 

+ Conner, Trans. Amer. Math. Soc., April, 1912, p. 265. When m= 5 we have two 
conjugate plane quintics. 
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Again the dual of any self-projective curve is obviously a self-projective 
curve whose order is the class of the original. Thus the projective lemniscate 


Xo = t, = %=t*+1 


is invariant under the octahedral G., (Q, p. 61). The dual is the projective 
astroid, é; = 2;, the point equations of which are 


This is one type of octahedral sextic (S, p. 47, No. 25). 

In this manner we are able to predict an icosahedral rational decimic 
and can write its equations from the icosahedral rational sextic (S, p. 4%, 
No. 26).* The method is however of limited application since the dual curve 
is not usually the only, nor the most general curve of a given order admitting 
a given group. 

Several general theorems for rational curves of any order were enunciated 
in the earlier papers. The following generaljzation of a theorem stated for 
the quintic (Q, p. 67) is fundamental in the study of the rational septimic 
or indeed any odd curve: 


A rational curve p™ of odd order cannot admit the icosahedral, the octa- 
hedral or the tetrahedral group, or a dihedral Gon, n even. 


For the binary group gn must leave the flex form unaltered, since obvi- 
ously a flex can go only into a flex. Now the flex form is of order 3 (m—2), 
an odd number, while all the invariant sets of the groups in question, par- 
ticular as well as general, are even.t Hence a non-singular flex form could 
not break up into sets conjugate under the group. Moreover if the flex form 
have multiple roots, they must occur an even number of times,—leaving an 
odd number of simple flexes which precludes the existence of the groups as 


before. 
Combined with a former theorem (Q, § 10) this limits the types of odd 
curves to those invariant under cyclic groups of orders 2, 3,---, m, and 


dihedral groups of orders 2n, n odd and = m. 
In spite of this severe restriction, there are found to exist 25 varieties 


* Cf. Klein, Ikosaeder, pp. 218-219 and Winger, Mathematische Annalen, Band 93 
(1925), p. 213. 

+ Thus the special sets of the tetrahedral, octahedral and isocahedral binary 
gtoups correspond to (a) the vertices, (b) the centers of the faces and (c) the 
midpoints of the edgés of the associated regular bodies and contain therefore an even 
number of points. Again a dihedral group g,,, in the binary domain has but three 
special sets—a set of two and two sets of n parameters. 
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of projectively distinct rational septimics many of them with arbitrary con- 
stants remaining. The appended table exhibits in canonical form the para- 
metric equations of these types, together with the generating binary trans- 
formations of the characteristic groups. The transformations for the di- 
hedral groups are to be combined with 7’—1/t. The multipliers, except a 
which is an arbitrary constant, are primitive roots of unity where 


The reference triangle is in every instance an invariant triangle of the group. 
Cyclic and dihedral groups of order & are designated by Cy and D;, respectively. 

For convenience in analyzing singularities we collect here certain useful 
data. The p’ is of class 12, has 15 double points, 15 flexes and 40 double 
lines. These numbers are modified of course in accordance with Pliicker’s 
equations when cusps occur. Thus for the rational curve of order n with r 
cusps, the number of double lines 8 is 


§ = 2(n — 2) (n— 3) — 3r(4n—r—11) 
or when n= 7, § = 40 — $r(17—1r). 


A tangent with k-point contact (not at a multiple point absorbs / — 2 flexes 
and 4(k—2)(k—8) double tangents. From such a point can be drawn 
only vy —k simple tangents, where v is the class of the curve. 

Two standard methods are available for the analysis of higher singulari- 
ties—expansion in the neighborhood of the singularity and birational trans- 
formation. But both require the ternary equation of the curve. Other 
methods are desirable for rational curves which are normally given paramet- 
rically. Various devices are useful. Most important of all here is the re- 
quirements of the groups. Thus under binary cyclic groups of order n we 
have one set of two parameters each of which is fixed while all other para- 
meters are made up of sets of n. Likewise under binary dihedral groups 
there are three special sets (footnote, p. 2) while all other parameters fall 
into general sets of 2n points. The number of cusps can be ascertained from 
the reduction in class and the location of the cusps can be determined from 
the flex equation which is readily calculated.* 

The main difficulty arises in enumerating the nodes and bitangents which 
go to make up a compound singularity although the number of the former 
can sometimes be read directly from the parametric equations. In this con- 


* Hilton, Plane Algebraic Curves, p. 138. 
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nection the notion of excess developed by Dr. Scott * is of great assistance, 
Thus for simplicity consider a multiple point with a single tangent. If every 
line on the points cuts out & coincident parameters, the point is said to be of 
order k. Likewise if the tangent at the multiple point counts for 7 common 
lines of the curve and any point on the tangent; the multiple point is of 
class 1. The number of double points d (including cusps) contained in the 
singularity is 


d—k(k—1)/2+2X 


where X represents the excess over the normal—or the number of latent double 
points. Then it is proved that the number of double lines 3 (including 
inflexional tangents) is 


a= 


i. e. the excess of double lines is equal to the excess of double points. 

For example, curve (5) (q. v.) has at 0 a triple point with coincident 
parameters and a %-point contact tangent, i. e. the triple point is of order 3. 
The line equations show that this point is of class 4, hence 


2-642. 


It is found that two of the d double points are cusps and that X — 3. Hence 
59 but the flex equation shows that three of the double lines are flexes. 
Thus the singularity is equivalent to 2 cusps, 4 ordinary double points, 3 
flexes and 6 bitangents.t| These numbers as always are in addition to the 
flexes and bitangents absorbed by the two cusps. 

If the multiple point has more than one tangent, the class of each branch 
is ascertained separately, but the excess is reckoned for the singularity as a 
whole. 

The number of the double points in a higher singularity can also be 
determined by writing out the double point equation.t But this equation for 
the rational septimic is a determinant of order 6 whose elements are binary 
quintics so that the expansion is tedious except in very special cases. 


*“The Nature and Effect of Singularities of Plane Algebraic Curves,” American 
Journal of Mathematics, Vol. XV (1893), pp. 230-237. 

7+ We shall commonly use “double line” as synonymous with bitangent, and 
“double point” for the dual singularity, though strictly the double line as a line 
singularity includes the flex tangent as a special case. 
t Clebsch, Vorlesungen iiber Geometrie, (1876), p. 889. 
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§ 2. Rational Septimics of Maximum Symmetry, 


When referred to absolute coordinates (as explained Q, §4) dihedral 
groups of order 2n imply symmetry about n equi-spaced axes. When n is odd, 
as must be the case for curves of odd order, the axes are conjugate under the 
group, i. e. the symmetry is the same with respect to each axis. The maximum 
symmetry is attained when n —™, the order of the curve. In view of the 
formulas for dihedral curves (Q, p. 66) and a theorem of the previous section 
we may say: There is always at least one rational curve of odd order m 
which possesses m-fold symmetry, viz., symmetry with respect to m equi-spaced 
lines about a point. 

There are three types of rational septimics with this maximum sym- 
metry—curves 23, 24, 25. These curves illustrate admirably the progressive 
specialization and concentration of singularities to conform to the require- 
ments of the group. For while none of the curves has a non-vanishing abso- 
lute invariant, each is of a different degree of specialization. To consider 
only the double points, some of them must lie on the axes and of course they 
must be distributed symmetrically. Hence the possibilities are (1) two on each 
axis and an additional one at the intersection of the aves,* (2) one on each 
axis and 8 coincident at the origin and (3) all coincident at the origin. In 
a similar manner the flexes and double lines display a variety of coincidences. 


We shall now discuss the three curves in detail, noting first the properties . 


common to all. Hach has 7 flexes lying on a line, namely the centers of 
reflexion, t' +1, cut out by x. These flexes are a special set under both 
the binary and the ternary group. The other special set of seven points con- 
jugate under both groups are the contacts 17 —1 of simple tangents from the 
centers, one lying on each axis. The multiple point at the origin, while 
different for each curve, has but two parameters which are the special set 
of two under the binary group. The multiple point itself is the unique fixed 
point of the ternary group. The pencil of invariant conics, ror, + Ax.” = 0, 
all touch the tangents of the special multiple point where they cut the line of 
centers. 


Curve 23. Each branch of the double point which lies at the origin 
has a tangent with 6-point contact. These nodal tangents thus absorb 8 flexes 
and 12 double lines. The remaining double points lie by twos on the axes 
of reflexion and the remaining double lines meet by fours at the centers. 


* We shall call this point, the sole fixed point of the ternary group, the origin 
since it corresponds to the origin in the metrical representation by absolute coordinates. 
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The parameters of these 14 double points are the 35th roots of 1 exclusiye 
of the 7th roots. 

Noteworthy among the invariant conics are (1) two each on seven double 
points, (2) two each on seven pairs of tangents at the same, (3) four each 
on seven double lines, (4) four each on fourteen contacts of double lines 
(5) four each on the fourteen ordinary intersections of seven double lines, 
(6) four each on fourteen tangents at the points of (5), (7) one with seven 
contacts, (8) one on seven flex tangents. The nodal tangents 2, and 4, 
each count as five common lines of the conics and p’. The remaining four. 
teen normally constitute a set of general conjugate lines. 


Curve 24. The multiple point is formed by the union of two cusps of 
higher order, but with distinct tangents, each of which is equivalent to one 
double point, one cusp, two flexes and two double lines. Four flexes and 15 
double lines were previously required to make the cusps, while the coincidence 
of the cusps engulfs four new double points. One double point lies on each 
axis and three double lines meet at each center, which accounts for the remain- 
ing double elements. The parameters of the seven ordinary nodes are the 
21st roots of unity exclusive of the 7th roots. 

The system of invariant conics include in particular: (1) three each 
on seven double lines, (2) three each on fourteen contacts of double lines, 
(3) three each on the fourteen ordinary intersections of seven double lines, 
(4) three each on the tangents at the points of (4), (5) one on seven double 
points, (6) one on seven pairs of tangents at the same, (7) one on seven 
flex lines and (8) one with seven contacts. The tangents at the four-fold 
point each count for three common lines of the conics and the septimic. 
There remain fourteen common lines which form a general conjugate set 
under the groups except in such cases as (7) and (8) when the common 
lines are special sets of seven conjugate lines. But for conics (1) the common 
lines are the seven double lines which are a set of seven under the ternary 
group while the contacts are a set of fourteen under the binary. 


Curve 25. The multiple point at the origin is a six-fold point, arising 
from the coincidence of two special triple points each of which is formed 
from two cusps and one double point. The singularity is thus equivalent to 
11 double points and 4 cusps, the latter absorbing in addition 8 flexes and 
26 double lines. It has however but two distinct parameters and presents 
the appearance of an ordinary double point. Two double lines meet at each 


center which accounts for all that remain. 
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The invariant conics of note are: (1) two each on seven double lines, 
(2) two each on fourteeen contacts of double lines, (3) two each on fourteen 
ordinary intersections of seven double lines, (4) two each on fourteen tangents 
at points in (3), (5) one on seven flex tangents, and (6) one with seven 
contacts. Each tangent of the multiple point counts for one common line of 
conics and the base curve. Since the curve is of class eight, 14 common lines 
remain,—a set of 14 conjugate lines in general. 


§ 3. Other Rational Septimics with Multiple Symmetry. 


Ternary cyclic groups of even order have one element of period two. The 
axis of this reflexion will, if the invariant curve be taken in appropriate 
metrical form, be an axis of symmetry. Or the center of the reflexion, when 
taken for the origin, will be a point of symmetry, i. e. a center of the curve. 
Aside from these cases the only other rational septimics with symmetry are 
the curves with a dihedral G, or Gyo. In metrical form the first has 3-fold 
and the second 5-fold symmetry. 


Curve 21. The three centers of reflexion are flexes, ¢? + 1, and lie on 
a double line, 22. The contacts, 0, oo, of the double line are the special set 
of two under the binary gs. The other special sets are the flexes and the 
contacts, t?—1, of simple tangents from the flexes, one on each axis. The 
other intersections of each axis are made up of three double points. Three 
double lines meet at each center—in addition to the double line common to 
the three centers. There remain 6 double points, 12 flexes and 30 double lines. 

The invariant conics pass through the contacts of the special double line 
and cut out besides two sets of conjugate points in general. Notable conics 
of the system are: (1) two each on six flexes, (2) two each on six flex tan- 
gents, (3) three each on three double points, (4) three each on six pairs of 
tangents of double points, (5) three each on three double lines, (6) three 
each on three pairs of contacts of double lines, (7) three each on three pairs 


of ordinary intersections of double lines in (6), (8) three each on tangents 


at three pairs of points in (7), (9) five each on six double lines, (10) ten 
each on six contacts of double lines (9) (one contact of each), (11) one on 
three flex tangents, (12) one on six double points, (13) one with three 
contacts. 


Curve 22. 22 cuts out five flexes, ¢°-+1, which are the centers of 
reflexion, and two other points, 0, oo, which are the special set of two under 
the binary group. The other special set of five under gi, are the contacts, 
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t®— 1, of the simple tangents from the centers, one on each axis. Thrw 
double points lie on each axis which accounts for all the double points. Foy 
double lines meet at each center, leaving 20 unaccounted for. 

The invariant conics all have contact at 0 and o, cutting out besidy 
sets of ten conjugate points. Special conics of the pencil are: (1) three eag 
on five double points, (2) three each on five pairs of tangents at doubk 
points, (3) four each on five double lines, (4) four each on five pairs of 
contacts of the same, (5) four each on five pairs of ordinary intersection; 
of the same, (6) five each on five pairs of tangents at these extra inter. 
sections, (7) two each on ten double lines, (8) four each on ten contacts of 
double lines in (7) (one on each line), (9) one on ten flexes, (10) one m 
ten flex tangents, (11) one on five flex tangents (¢°-++ 1), (12) one with 
five additional contacts, i. e. with seven contacts. 

The flex form is 


+ 1) [at?? + (6a? — 25a + 21)t +a]. 
The condition that this have a pair (and hence five pairs) of equal roots is 
(a —1) (2a— 3) (2a —7) (8a —7) = 0. 


If a= 1, the curve is degenerate. But the other values of a lead to special 
curves of interest. Thus 


If The curve has 
2a = 3 undulations at ¢°— 1 
2a=7 5-point contact tangents at 
3a = 7 cusps at 


The last curve is self-dual, admitting besides the collineation G,, the 
polarity * 


£0 = Lo, = V2, 


which has the fixed conic 242, + 2.20. The product of this with the 
ten collineations gives ten correlations, six of which are polarities while the 
others are of period ten. We thus obtain a G., containing ten collineations 
(including the identity) and ten correlations. 

The curve has 5 cusps, 5 flexes, 10 double points and 10 double lines. 
Each axis is tangent at one of the cusps while each center carries two double 
lines. 


* We take the equation of the curve, as is possible, in the form 
= + 7t?, a1 = + 3, = V42(t* 4+ ft). 
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These three curves will differ somewhat in properties from the general 
case. In particular the list of special invariant conics would require revision, 


a revision however which is easily accomplished. 


§4. The Cyclic Septimics, n < 7%. 
urs We shall now take up a systematic discussion of the other types of curves. 
ction; 


While these lack the beautiful symmetry of the dihedral curves, they are not 
without interest. On the whole the cyclic groups require greater concentra- 
tion of singularities than do the dihedral, except for those curves whose. speci- 
alization lead to dihedral cases, as e. g. (2) and (6). And it is in the cyclic 
curves that the problem of the singularities is most difficult. 
There are two types of ternary cyclic groups Gp for all values of n > 2, : 
viz. those generated by (a) the homologies and (b) the orthogonal collinea- 
tion.* When n < 6 these are the only two types. When n=6 we have an 
additional type with a single invariant triangle, namely that whose cyclic 
subgroup of order three is generated by a homology. The multipliers may 
be taken as 1, —w*, —1. When n=7 we have again a third type, viz., 
a group with a single fixed triangle but without an invariant conic. Its 


ots is 


ecial 
multipliers are 1, ¢, = 1. 


Curve 1. The curve admits a reflexion of which €, is the center and 2 
is the axis.t The center lies on the curve and is a point of inflexion. The 
axis cuts out three double points and the contact of the simple tangent from 
the center. The other tangents from the center must be double lines—four 
in number. The remaining 14 flexes and 12 double points are harmonically 
perspective in pairs from the center. 


the 


Curve 2. The group is a cyclic G; generated by an orthogonal collinea- 
tion. The fixed triangle consists of a double line, whose contacts are the 


the § fixed points of !:e binary group, and two lines on the contacts. 
the 


ions 


Curve 3. The group is generated by a homology of which é is center 
and 2, is axis. The center is a point of undulation and the axis cuts out two 


nes. 
ible 


* The orthogonal collineation can be written 


This is characterized by having an invariant conic, as well as a single invariant 
triangle. The invariant cyclic subgroup of the dihedral group is generated by an 
orthogonal collineation. 

The multipliers of the homology may be taken as ¢, 1, 1 or ¢, ¢, 1. 
+ The vertex of the reference triangle opposite a: we shall designate by £:. 
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triple points and a flex. -This flex and undulation are the fixed points of the 
binary group. All sets of conjugate points lie on lines through the center 
and these lines in general cut out two sets of conjugate points. There are 
however some exceptions: x, is the undulation tangent and meets therefore 
in only three additional points and 2, is a flex tangent with contact on the 
axis; two triple tangents meet at the center. And the lines joining the center 
to the triple points cut out single sets of conjugate points under the ternary 
group though these lines present no exception for the binary group since the 
triple point parameters are sets under g;. There remain 9 double points, 
12 flexes and 33 double lines. The flex form is 


— #24 (2c — 5b) + (14 + 5ab — + 7b — abc) + 2ab. 


The double points likewise the flexes must lie in threes on lines through the 
center. The double lines must fall into sets of three meeting on the axis such 
that the contacts of a set form two sets of points on lines of the center. 


Curve 4. The group is a cyclic G, generated by an orthogonal trans- 
formation. The center of the reflexion é is a flex and the axis 22 is a cusp 
tangent which cuts out besides two double points. The other sides of the 
fixed triangle are the flex tangent and the line joining the flex and the cusp. 
The cusp and flex parameters are the fixed points of the binary group. Four 
double lines meet at the center. There remain 12 double points, 12 flexes 
and 28 double lines (the cusp having reduced the number by 8). The flexes 
and double points and the contacts of the double lines must be harmonically 
perspective in pairs from the center. There is a pencil of invariant conics, 
Lo, + ka,” —0, each of which in general cuts out three sets of conjugate 
points in addition to the cusp. 


Curve 5. The group is again a cyclic G, but is generated by a homology. 
We have in fact both a reflexion and a homology (of period four) with a 
common center and axis. The axis zx, cuts out an ordinary four-fold point, 
equivalent to 6 double points, and a triple point with coincident parameters, 
equivalent to two cusps and one double point. The center €. is a special 
triple point with coincident parameters and a single tangent x, which has 
%-point contact. All fixed points under the group are now accounted for so 
that all others must occur in sets of four. The triple point €. certainly counts 
for three of the remaining 6 double points. Hence it must absorb them all, 
otherwise we should be left with a set of points fewer than four. The excess 
of the point is thus 3. In forming the line equations, the factor ¢? drops 
out so that two cusps are included in the singularity which is thus equivalent 
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to 2 cusps, 4 double points, 3 flexes and 6 double lines. (See end of § 1.) 
There remain 8 double lines, 26 having been used in the formation of the 4 
cusps, and 4 flexes. 

All sets of four conjugate points lie on lines through the center. Among 
them may be mentioned (a) the four flexes 4*— 7, (b) the contacts of tan- 
gents from the triple point € and (c) the contacts of tangents from ¢,. The 
8 double lines must fall into two quadruples, the lines of each set meeting 
in a point of the axis and the contacts forming two sets of conjugate points. 


Curve 6. The group is generated by an orthogonal transformation, the 
fixed triangle of which is composed of two tangents and their chord of con- 
tact. The invariant conics 1%, + kx,” 0 are tangent at the fixed points 
of the binary group and cut out besides two sets of conjugate points. The 
eurve exhibits no striking geometric features or specialization, all its points, 
—except the two fixed points already noted,—as well as their parameters 
occurring in sets of five. 


Curve %. & (parameter oo) is an ordinary cusp and é, (parameter 0) 
is a cusp of higher order having a 4-point contact tangent, 7. being the com- 
mon tangent of the two. These are the only fixed points and parameters 
under the ternary and binary group. The second singularity would appear 
to be a ramphoid cusp, which is equivalent to one double point and one cusp, 
but we should then be left with 12 double points which is impossible under 
a Gs. The most natural explanation is that in some way é, absorbs four 
double points. The flex equation and the class indicate that one cusp and one 
flex are included in the singularity. Now a special case of the curve having 
the same singularity, at 0 is 


The double point equation of this curve is ¢*(¢*° + 2¢° + 2) —0 which says 
that there are four double points at 0 and six at oo. We conclude therefore 
that the singularity in question counts for three double points and one cusp, 
hence the excess is 3. Accordingly three additional double lines (bitangents) 
are absorbed. Finally the two cusps reduce the number of double lines by 15. 
We have thus accounted for 5 double points, 5 flexes and 20 double lines. 
The invariant conics are 2%” + ka,r7.— 0, each of which cuts four times at é, 
while the remaining intersections form two sets of conjugate points in general. 


Curve 8. The group is generated by a homology with é as center and 
z, as axis. The former is a cusp (parameter oo) with a 7-point contact 
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tangent. is a cusp which has a 5-point contact tangent passing through 
the other cusp. The axis contains the second cusp and an ordinary 5-fold 
point—equivalent to 10 double points. The flex form is ¢*(7¢°—3) so that 
four flexes fall at 0 and six at o. The cusp 0 is of order 1 and class 3. The 
tangent thus counts for three double lines—one bitangent and two flexes, 
But the singularity contains one latent double point, accordingly an addi. 
tional double line (a bitangent) is absorbed. Again the cusp co is of order ] 
and class 5, hence the tangent is equivalent to 10 double lines—consisting of 
4 flex lines and 6 bitangents. But as the singularity contains two latent double 
points, its excess is 2 and two additional double lines (both bitangents) ar 
absorbed. Finally the two cusps use up 15 bitangents. We have thus 
accounted for all the double points, 10 flexes and 25 double lines. 

Sets of conjugate points lie on lines through the center. Among these 
are (a) the five remaining flexes, (b) the contacts of tangents from the 
other cusp, (c) the five contacts of tangents from the vertex €,. Indeed the 
ten contacts of tangents from an arbitrary point of z, break up into sets of 
five conjugate points. For the coordinates of such a point may be taken as 
(0, 1, &) when the contacts of tangents are given by 2kt1° — (3k + 7)t®—2 
=0. When k~0, © we get the two sets of five already noted. When 

= — 1 or — 49/9, i. e. when the point is at the 5-fold point: or the inter- 
section of the flex tangents, the two sets reduce to one repeated. Incident- 
ally this proves, as is otherwise evident, that the flex tangents meet in a point 
of the axis. Similarly, the 15 double lines must meet in sets of five points on 
the axis while the contacts of each quintet fall on two lines of the center 
which carry five each. 


Curve 9. Since the group is a cyclic Gz, there are two subgroups—one 
of order two and the other a cyclic G;. The latter is generated by an ortho- 
gonal transformation and has the same fixed triangle as the whole group. 
az. is a multiple line that has 5-point contact at o (é) and simple contact 
at 0 (é) and which counts for 3 flexes and 7 double lines. The axis of 
reflexion, 2), cuts out three double points while from the center &, run three 
double lines—with contacts 2¢°—1. The flex form is 


+ (10a — 35) + a]. 


The cyclic subgroup of order 3 has three pencils of invariant conics, aj + 
=0, jk. One of these, (4 is the invariant system of 
the G,. Each conic of the G, touches at 0 which accounts for six common 
lines. Among the conics are: two each on six double points, one on six 
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contacts of the double lines which meet at the center, two each on six flexes 
and one on the six contacts of tangents from 0. 


Curve 10. The group is the third types of cyclic G, mentioned at the 
beginning of the section. The multipliers of the homology which generate 
the cyclic G, are 1, 1, . The axis of the homology is x, and the center is 
the opposite vertex, while z, and the opposite vertex are axis and center of 
the reflexion. We have here an interesting case since all points on each axis 
and all lines on the corresponding center must be fixed elements of the asso- 
ciated subgroup. Each side and vertex of the fixed triangle is thus unaltered 
by the entire Gs. The third side of the invariant triangle, 7, is a flex- 
undulation tangent—flex at 0, undulation at o—counting for three flexes 
and seven double lines. The axis of the homology cuts out two triple points 
and the center carries two triple lines. On the other hand the axis of the 
reflexion cuts out three double points while the center carries three double 
lines. We have now accounted for 3 flexes, 9 double points and 16 double 
lines. The remaining double points form a set of six under the group. Like 
all general sets they lie in harmonic pairs on three lines through the center 
of reflexion and in threes on two lines through the center of the homology. 
The flexes are + (5a — 14)¢* + a= 0 and constitute two general sets. 


Curve 11. The Gz is generated by a homology with multipliers — o’, 
—w’, 1. The cyclic subgroup G; is likewise generated by a homology with 
multipliers », w, 1. The two homologies as well as the reflexion have a 
common center € and axis 72. The center is on the curve at a hyperoscu- 
lation * point, 0. 2, is a tangent with 6-point contact (on the axis). The 
two tangents 2, and 2x, absorb 9 flexes and 16 double lines. There is an 
ordinary sixfold point on the axis which accounts for all the double points. 
Every set of six conjugate points breaks up into harmonic pairs lying on a 
line through the center. Likewise every set of conjugate lines (tangents) 
meet in three harmonic pairs in a point on the axis, their contacts forming 
a set of conjugate points. The flexes, 5¢°— 7, thus lie on a line through the 
center while their tangents meet at a common point on the axis. The con- 
tacts of tangents from the point oo are a set of conjugate points. Indeed the 
twelve tangents from an arbitrary point of the axis fall into two sets of 
conjugate lines whose contacts are two sets of conjugate points. The 24 
double lines must divide into four sets of conjugate lines while their contacts 
make up eight sets of conjugate points. 


*i. e. a point whose tangent has 7-point contact. 
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§ 5. Cyclic Groups of Maximum Order. 


If the order of a cyclic group exceeds 7, the invariant (rational) curye 
admits an infinite group (Q, §10). There are three types of septimics with 
a one-parameter group of transformations—the binomial rational septimics, 
All the binary transformations have the same two fixed points, 0 and o, on 
each curve. These are parameters of dual singularities at which all the point 
and line singularities of the curve are concentrated. The fixed triangle of 
all the ternary transformations is composed of the two singular points and 
the intersection of their tangents. The simple singularities contained, in the 
compound are enumerated at once by the well-known equivalence formulas.* 


Curve 18. There is a hyperosculation point at co whose tangent counts 
for 5 flexes and 10 double lines. The singularity at 0 is a 6-fold point with 
coincident parameters, made up of 5 cusps and 10 double points. The 5 
cusps absorb the remaining 10 flexes and 30 double lines. 


Curve 19. There is a 5-fold point at 0 with coincident parameters and 
%-point contact tangent,—equivalent to 4 cusps, 8 double points, 1 flex and 
2 double lines. The singularity at o is accordingly made up of 4 flexes, 
8 double lines, 1 cusp and 2 double points. As before the 5 cusps account 
for the other 10 flexes and 30 double lines. 


Curve 20. The singularity at oo is a triple point with coincident para- 
meters and 7%-point contact tangent, accounting for 2 cusps, 4 double points, 
3 flexes and 6 double lines. The other singularity is a 4-fold point with co- 
incident parameters and 7-point contact tangent, equivalent to 3 cusps, 6 
double points, 2 flexes and 4 double lines. Again the 5 cusps absorb the 
other 10 flexes and 30 double lines. 

Before considering the cyclic groups of order 7, we note some properties 
of the p* which is invariant under a cyclic Gn. 

If a rational curve of order n is invariant under a cyclic group of order n 
(and no higher group), this group cannot contain a homology. 

For the equations of the curve may be taken as 


i" +1, 


* See e. g. Scott, “On the Higher Singularities of Plane Curves,” American Journal 
of Mathematics, Vol. XIV (1892), p. 323, or Hilton, Plane Algebraic Curves, p. 119, 
Ex. 1. 
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And the first condition evidently excludes equal multipliers since the ternary 
group is induced by the binary collineation #’—et, e*=—1. The first two 
conditions are equivalent to those given in Q, p. 66; the last is easily obtained. 
For if r-+ s =n, we have the dihedral Gon. While if r+ s < n, the trans- 
formation t/ = 1/¢ on the parameter which merely effects a renaming of the 
points, changes r and s into n —r and n — s whose sum will be greater than n. 


Again 


A p" which is invariant under a cyclic Gn (and no higher group) has.a 
multiple point of order greater than 2, having however but two distinct para- 
meters. The parameters of the multiple point are the only fixed points of the 
binary group and the multiple point 1s the only fixed pownt of the ternary 
group which lies on the curve. 


For it is evident from the parametric equations that the curve has a 
multiple point with but two parameters of order n —r- 8, which in conse- 
quence of the restrictions on r and s is at least of order 3. The point is a 
vertex of the reference triangle which is fixed under G, and it is the only fixed 
point on the curve since any other would necessarily be a multiple point of 
order n (S, p. 46). 

We take up now the rational septimics admitting cyclic groups of order 7. 
There are six species, each with a multiple point of order 3 or higher at one 
vertex of the reference triangle which is the unique fixed triangle of the 
group. ll other points fall into sets of 7 conjugate under Gn. There can be 
no other point singularities except ordinary double points. 


Curve 12. The multiple point is a cusp (parameter 0) with 6-point 
contact tangent, combined with an inflexional point (parameter o) with 
5-point contact tangent. The flexes are (°(5¢7-++-12). The cusp branch is 
of class 4 and absorbs therefore 3 double lines besides 3 flexes. The in- 
flexional branch is likewise of class 4 and uses up three double lines and 
three flexes. But, to meet the requirements of the group, 8 double points 
must go to form the multiple point, i. e. the excess is 5. The excess of double 
lines is then 5 while the cusp absorbs eight more. We have thus accounted 
for 8 double points and 19 double lines. 


Curve 18. The multiple point is a 4-fold point formed by a triple point 
with 6-point contact tangent (parameter 0) falling at an undulation (para- 
meter 0). The flexes are ¢°(2¢7+9). The triple point branch contains 
two cusps and two flexes. But it is of class 3 and therefore consumes an 
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additional double line. The undulation branch as usual includes two flexes 
and one double line. But the multiple point must absorb 8 double points, 
hence the excess is 2. The two cusps reduce the double lines by 15 and we 
must add two more for excess. There remain 7 double points which must be 
a general set, and 21 double lines which form three conjugate sets. 


Curve 14. The singularity is a 5-fold point composed of a 4-fold point 
with coincident parameters and 6-point contact tangent (parameter 0), united 
with a flex (parameter o). Since all double points must be concentrated 
at the multiple point, the excess is 5. The 6-point branch contains three 
cusps and one flex. The three cusps reduce the number of double lines by 
21 to which must be added 5 on account of excess. There remain 14 double 
lines and 7 flexes: ¢? + 8. 


Curve 15. The singularity is a 6-fold point, caused by a simple branch 
passing through a 5-fold point with coincident parameters, and counting for 
4 cusps and 11 double points. The cusps absorb 26 double lines besides the 
usual quota of flexes. There remains 7 flexes, ¢7 + 15, and 14 double lines, 


Curve 16. The multiple point is formed by a triple point with coinci- 
dent parameters and 5-point contact tangent (parameter 0) united with a 
cusp having a 4-point contact tangent (parameter oo). It is thus a 5-fold 
point containing three cusps. But it must absorb all the double points since 
only sets of seven are admissible and the multiple point counts for a minimum 
of ten. Hence the excess is 5. Each tangent of the multiple point counts 
once as a flex tangent. 21 double lines go to make up the cusps and 5 more 
are required to match the nodal excess. There are left then 14 double lines 
and 7 flexes, the flex form being ¢°(8¢7 + 15). 


Curve 1%. The singularity is a 6-fold point—formed by the union of 
an ordinary cusp and a 4-fold point having coincident parameters—equiva- 
lent thus to 4 cusps and 11 double points. Since 8 flexes and 26 double lines 
are required to make the cusps, there are left 7 flexes, 3¢7-+-10, and 14 
double lines. 

The last six curves examined, aside from their intrinsic interest, exem- 
plify the importance of Dr. Scott’s theory of excess in the analysis of higher 
singularities. 

Partial List of Ternary Equations. 


(5) + — = 0 
(7) wo°x2? — atx, — + (1 —a) (2a + 2.5 
+ + a(1—a)?(a + + (1 —a)*x,? = 0 
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(8) — + = 0 
(11) — Xo(% + = 0 
(12) Lo" — + — + = 0 
(13) + + 32072, 320%, = 0 
(14) Lo? — Ly" — + = O 
(16) 20’ — — He + 
(17) Xo" + 21" — = 0 
(18) 217 — = 0, (19) =0, (20) 2,’ = 0 
(23) Xo? + — + — 72° = 
(24) + 4," + — = 0 
(25) 20° + 21° — = 0. 
Species of Self-Projective Rational Septimics. 
Group | Generator Parametric Equations. 
Lo == Le =o 
C2 —l t*+-et?-+-f (1) 
Cs; ot t?+at*+obt ct®+-di?+-1 (2) 
Cs wt t?+-at* t*-+-bt (3) 
0, it t?-Lat® #41 (4) 
C, at t? t*#+1 (5) 
Cs nt t?at? ttt (6) 
Cs nt t?-Lat? +1 t# (7) 
Cs nt t?+¢? 1 (8) 
Cs t?’-+at? t? (9) 
C6. t?+at? t8 (10) 
t t? (11) 
C, et (12) 
C; et +1 (13) 
C; et t (14) 
0; et +1 (16) 
Cc at 1 
¢ t t? ts 1 (19) 
Ds wt t'+at*+bt (21) 
nt t?+at? at®+-1 (22) 
Dy, et t (23) 
Dy, et ? (24) 
Dy, et t (25) 
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